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To my Mother, Father and Sister
Summary
This thesis is concerned with wave propagation in equal mass plasmas. Equal mass plasmas have 
two com ponents, bo th  of the same mass bu t with opposite charges, and consequently they have 
a sym m etry which is not present in the more usual electron-ion plasmas. This symmetry can be 
expected to  lead both  to a modification of results derived for electron-ion plasma, causing some 
phenom ena to change, others to  disappear and new phenom ena to arise. W ith respect to  the 
problem  of wave propagation th is is certainly the case.
Equal mass plasm as are im portan t in the laboratory and in astrophysics. In chapter one we briefly 
introduce the problem, firstly setting  the scene by describing the ‘Plasm a Universe’ and then 
introducing equal mass plasm as and mentioning a few molecular plasmas of this type. C hapter one 
is concluded with a review of the work done on electron-positron plasmas in astrophysics.
C hapter two derives the equations needed to undertake the study of wave propagation in plasmas. 
We s ta r t  from the m ost general description of the plasm a as one point in T Space and go on to 
derive the standard  fluid equations. As we are dealing with an equal mass plasma, where both 
com ponents are equally im portan t, we derive the equations for a general multi-species plasma.
In chapter three the problem of linear wave propagation in an equal mass plasm a is tackled. We 
show th a t the special sym m etry of equal mass plasmas simplifies the problem immensely, and th a t 
the well known phenom ena of Faraday ro tation  and w histler wave modes are absent from the equal 
mass plasm a. Dispersion relations are derived for the plasm a in the cold and warm cases and the 
extension of equal mass sym m etry to kinetic theory is discussed.
C hapter four extends the work of chapter three to  electron-positron plasmas. We discuss the validity 
of the models studied, the first of which considers the effect of the plasm a being a t a relativistic 
tem perature (k T  > m ec2). We then extend this model to incorporate, in a simple fashion, the 
effects of particle annihilation and creation in the  plasm a. In both cases we find th a t Faraday 
ro tation  is absent.
In chapter five nonlinear plasm a physics is introduced and its im portance emphasised. We describe 
the solution of electrostatic plasm a oscillations in a plasm a of cold electrons and stationary  ions. 
A num erical sim ulation is undertaken of the same problem  for cold equal mass plasmas and, in 
stark  contrast to  the electron-ion case, a fundam ental instability  is found. A quasilinear analytic 
solution is found for the  problem  which corresponds well to  the  numerical results.
Finally, in chapter six, we discuss extensions of the work in th is thesis, in particular the generalisa­
tion of chapter five to  warm plasmas. We also pose some related problems concerning equal mass 
and electron-positron plasmas.
The original work of this thesis is contained in chapters three to five. Chapter three has been 
published in Journal o f Plasma Physics, chapter five has been subm itted  to Journal of Plasma 
Physics and chapter four is being developed for publication.
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C hapter 1
Introduction
1.1  P la s m a  P h y s ic s  a n d  th e  P la s m a  U n iv e rs e
T he study  of the  nature and properties of ionised gases is a  wide ranging and varied field.It enceom- 
passes elegant, abstract theories; large scale numerical! simulations; wide-ranging extrateriesttrial 
observations (and since 1959 in-situ  m easurem ents) anid bo th  large and small E arth  bouid e x p e r­
iments. However all these multifarious pursuits fall umder the general title  of Plasma Ihyticss, as 
does the work of this thesis.
The im portance of plasm a physics is twofold. Firstly tihere is the laboratory plasma, t b  studly of 
which holds the promise of a plentiful energy supply from nuclear fusion. Secondly tb re  is; the 
study  of the universe in which we as hum an beings exiist. It is known th a t 99.9999% (ty voluime) 
of the observable universe is in a plasm a sta te . Thuss to study  the universe is to  stuly pla&sma 
physics. T his fact is becoming more and more inescapaible as we learn more about the stucturre of 
the  universe -  which is inhomogeneous and filled withi currents. These new views of t b  uiivrerse 
have led to a fascinating and powerful challenge to  ortthodox astronom y and cosmology The jfact 
th a t the universe is inhomogeneous is a  problem  for bijg bang cosmologies. If the CoBE esiltss are 
in terpreted  as the radiation signature of the  big bang, tlhen no known m echanism could hivecauised 
the observed universe to  form since the big bang (Lernesr 1992). By contrast a  plasm a unveise ((see 
Alfven 1990) will autom atically produce inhomogeneitties. Everywhere th a t we have seit prolbes, 
field aligned ‘B irkeland’ currents have been found. We: know th a t there are m agnetic fbdsom  the 
interstellar, galactic and inter galactic scales (which miust be produced by currents of sime fcorm) 
and so it is postu lated  th a t Birkeland currents exist om these scales too. Once a current is lowving 
the double-layer instability produces field aligned elerctric fields and the strong curreits lowving 
in this region produce an azim uthal m agnetic field wfiiich compresses the plasm a. As llfvent has 
sta ted , the  plasm a universe is inhomogeneous and filaimentary, and this is ju s t w hat weobierwe.
A stronom ers and cosmologists are also saddled with mysterious ideas of ‘dark m a tte r’. In order to 
get the  big bang to produce sensible results at least ten times more m aterial than  we observe has 
to  exist in the universe. This m aterial is also needed (although in varying quantities) to explain the 
m otion of galaxies. As we cannot see it, it has been denoted ‘dark ’. However in a plasm a universe, 
there  are electrom agnetic forces acting between the large currents in galaxies and as such there is 
no problem  with ‘p lasm a’ galactic dynamics (see P e ra tt 1986, who also explains much concerning 
the evolution of radio  galaxies.)
In these fields, and m any others, plasm a physics is playing a key role in a new understanding of the 
universe. W ith  the continuing evolution of supercom puters, opening up new regimes to  sim ulation 
study, plasm a dynam ics are seen to  be key to  galactic and supergalactic m otions. The ‘Plasm a 
U niverse’ is definitely expanding.
1 .2  E q u a l  M a ss  P la s m a s
The concern of th is thesis is the propagation of waves in equal mass plasmas. An equal m ass plasma 
(as the nam e suggests) is composed of two components with the same mass and opposite charge. 
This is in con trast to  the situation found in most of plasm a physics where the plasm a is dom inated 
by electrons and much heavier ions. (Even protons are 1836 times heavier than  electrons. Thus, an 
electron scattering  off a proton is roughly equivalent to  a  pedestrian being scattered by an Intercity 
125.)
This great difference in mass between the two com ponents of the plasm a leads to a distinction 
between different regimes of wave propagation -  normally only one com ponent plays a significant 
role, i.e. high frequency electrom agnetic waves where the electron motion is im portan t or low 
frequency sound waves where the ion motion is im portant. Even if the dynamics of bo th  components 
are included, usually one com ponent yields the dom inant behaviour and the other contributes 
only secondary effects. In an equal mass plasm a the situation is fundam entally different. Both 
com ponents have the same mass so th a t the dynamics of both  are equally im portan t to  the whole 
plasm a. However, equal mass plasmas have a  sym m etry associated with them  which is no t present 
in the electron-ion plasm a, and this m ight be exploited to  make the understanding of these plasmas 
easier -  in fact we shall dem onstrate (particularly in chapters three and four) th a t this happens.
It m ight seem th a t equal mass plasmas are an abstract area of study. This is no t so. The most 
obvious plasm a which m ight be equal mass is th a t of a  particle-anti-particle plasm a. T his would ob­
viously fulfill the criterion of being equal mass, and indeed electron-positron plasm as have received 
considerable a tten tio n  from the astrophysical community (see the short review below). However, 
this is not the only occurrence of equal mass plasmas. Certain molecular plasm as can be equal 
mass as well.
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If a  plasm a is formed from positive and negative ions then a nearly equal mass plasm a can be 
formed, differing in mass by only twice the weight of the electron, i.e. the H+ H~ plasm a formed 
a t K yoto University (Ita tan i 1992). The plasm a formed when a laser beam  ablates the surface of a 
U ranium  target is also nearly equal mass, being formed not of U+ and e“ , bu t of U O ^ and UO3 . 
T his plasm a is of particular interest as it has been proposed th a t high intensity lasers might be 
used to  stim ulate fission in a Uranium  target (Boyer et al. 1988, M urnane et al. 1989).
Even if a molecular plasm a is not exactly equal mass then the study of equal mass plasmas will 
give some clues as to  the behaviour of the plasma, providing in a sense another view point on the 
problem . One view point is th a t of the electron-ion plasm a with no sym m etry, bu t simplified by 
the fact th a t one plasm a species can be ignored. The other will be the equal mass plasm a, where 
no species can be ignored bu t there is a  simplifying symmetry. If the  real plasm a is alm ost equal 
mass then both  species m ust be considered but the sym m etry is broken. Clearly this is a harder 
problem  so the in tu ition  gained from the equal mass plasm a will be im portant.
1 .3  E le c t r o n - P o s i t r o n  P la s m a s
As was m entioned above, electron-positron plasmas have received considerable a tten tion  from the 
astrophysical community. This has generated a  considerable num ber of papers aim ed principally 
a t understanding the particle natu re  of such plasmas, not a t elucidating their plasm a properties. 
However, they do provide a framework in which to  set the present work (particularly  chapter four) 
so a brief review is in order.
T he positron was first detected by Carl Anderson in 1932, bu t the era of astrophysical electron- 
positron physics was opened up only in 1970 with the detection of a 511 k e V  annihilation line from 
the galactic centre by M acCallum fa Leventhal (1983) (electrons and positrons have a rest mass of 
511 ke V  and form two gam m a rays a t this energy when they annihilate). This gave indications of 
large num bers of pairs -  large enough to have a significant effect upon the plasm a in which they 
were generated.
A lthough this was the first observational evidence for electron-positron plasm as, there  were theo­
retical argum ents th a t pointed to the existence, and im portance, of these plasmas. S turrock (1971) 
showed th a t the electric fields formed around pulsars were strong enough to  accelerate particles 
to  M e V  energies and th a t these particles would produce cascades of electron-positron pairs. The 
im portance of these pairs was underlined by Cordes (1983) who pointed out th a t the radio emis­
sion of pulsars cannot be understood w ithout pair production in the pulsar atm osphere. It was 
therefore thought th a t the annihilation line detected a t the galactic centre m ight be formed from 
intense radiation  produced by m aterial infalling upon a black hole (Lingenfelter fa R am aty 1983), 
although there is now some doubt as to  whether a  black hole does indeed lie a t the galactic centre
(Phinney 1988). (The fact th a t positrons are there is undisputed.)
From  the 1970’s it was noted th a t compact nontherm al radio sources had very low linear polar­
ization (Jones k  O ’Dell 1977). W ardle (1977) observed th a t Faraday rotation  was virtually  absent 
in such sources. Jones k  O ’Dell argued th a t this pu t a  severe lim it on the num ber of cold (non- 
relativistic) electrons in such sources (Faraday ro tation  varies as I / 7 ). However, it was realised, 
from sym m etry considerations, th a t an electron-positron plasm a would produce the same effect 
(Nordelinger 1978). Nordelinger and K undt k  G opal-Krishna (1980) showed th a t such plasmas 
could exist w ithout immediately annihilating.
The fact th a t electron-positron plasmas might exist in compact radio sources prom pted theorists 
to  examine the properties of such a system. Burns k  Lovelace (1982) considered a beam  of pairs 
produced by the accretion disk dynam o formed around a superm assive black hole (~  3 x 108 M q ). 
This dynam o generates a current of 1018A and the relativistic electron beam  which forms it can 
produce copious quantities of pairs by scattering from low energy photons. These pairs emerge in 
a vortex funnel which could be the source of the extragalactic je ts  observed in certain galaxies (see 
review by Begelman et al. 1984), which can also exhibit the low Faraday rotation found in compact 
radio sources. (There are problems though w ith using this mechanism to  explain the annihilation 
line in the galactic centre (Lightm an et al. 1987).)
Further work on this problem was done by Zdziarski (1988) who considered, in some detail, the 
electron-positron cascade produced by the im pact of high energy electrons and gam m a-rays upon 
low energy background photons. It was realised th a t the pair creation and annihilation which would 
occur would modify the gam m a-ray spectrum , softening it by absorbing high energy gamma-rays 
through pair production.
A lthough a lot of work was now being done on pair production by particle and photon sources, a 
more abstrac t interest in relativistic plasm as had been shown before this tim e. Bisnovatyi-Kogan 
et al. (1971) considered the equilibria of a ‘th in ’ electron-positron plasm a, i.e. one which was less 
than  one optical depth thick to  gam m a-rays.f They found th a t the ‘th in ’ plasm a had a m aximum 
tem perature, T* =  k T / m ec2 = 4 1 .  Beyond this point, pair creation would runaway, denying the 
plasm a an equilibrium. This work was extended by a num ber of authors: Laing (1979); Lightman 
k  Band (1981); Lightm an (1982); Takahara k  Kusunose (1983). In particular, Lightm an extended 
the work of Bisnovatyi-Kogan et al. to a finite sized plasm a and showed th a t electron-positron
f A lthough the calculation could be done for an optically thick system  quite easily using statistical 
mechanics (indeed Chapm an (1936) had done so) it was felt th a t this calculation would not be 
appropriate to  astrophysics as the objects under consideration did not rad iate  like blackbodies and 
could not therefore be in therm al equilibrium.
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plasm as develop a negative specific heat above a critical tem perature; after this point further 
heating produces more pairs and the net energy per particle drops. If this process continues, so 
m any pairs are produced th a t the plasm a becomes optically thick to  radiation and a therm al 
equilibrium  is formed. Takahara Sz Kusunose considered the effect of magnetic fields on the plasma 
and found th a t critical m axim um  tem perature decreases when a field is present.
T here is an im portan t point to be m ade about the above papers. Exclusively they concentrate 
upon the particle effects of the addition of e~e+ pairs. This in itself is a  very difficult and highly 
nonlinear problem, so perhaps it is not surprising th a t none of them  consider the plasm a which 
is formed as a plasma, i.e. being able to  sustain waves and other collective phenom ena. Indeed 
the absence of Faraday ro tation  in electron-positron plasmas, though intuitively realised in by 
Nordelinger (1978) was not proven for equal mass plasmas until S tew art & Laing (1992) w ith the 
result being extended to electron-positron plasmas in this thesis (see chapter four).
Holcomb &; T ajim a (1989) were the the first to  s ta rt to  consider the actual plasm a which is formed 
by electron and positrons. In doing so they considered the electron-positron plasm a which is formed 
in the early big bang universe (assuming the big bang took place, see §1 .1) and for a  short time 
dom inates the m atter component of the  universe (from t «  0.1s —►« Is). They studied linear wave 
propagation in such plasmas to  see how prim ordial m agnetic fields m ight be generated. Tajim a 
T aniu ti (1990) went on to  study nonlinear waves in the same context and in th is case the untapped 
potential of the subject was immediately revealed. W hen they considered the nonlinear interaction 
of the  plasm a with photons they discovered new soliton solutions for acoustic waves which are not 
present in electron-ion plasmas.
We are still a t the beginning of the study of electron-positron plasm as as plasmas, and it is 
noticeable th a t in the above papers which did consider the plasm a physics of electron-positron 
plasmas, very simple situations were envisaged -  uniform plasmas where annihilation could be 
ignored. This is in contrast to the complexities of the equilibria found when considering all the 
processes which go to actually forming such plasmas, bu t it is necessary, as the problem of plasm a 
physics in such complex situations is very hard indeed.
In this thesis we shall adopt similar assum ptions to those of Holcomb, T ajim a & Taniuti in order 
to  simplify the problem, though in chapter four we shall relax some of these criteria. In addition, 
we shall consider only equal mass plasm as in chapters three and five (ignoring relativity and 
annihilation), bu t it is still hoped th a t this will be a useful contribution to  the  continuing studies 
of e lectron-positron plasmas.
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Et harum scientarum porta et clavis est Mathematica 
M athem atics is the door and the key to  the sciences
Roger Bacon, Opus Majus p a rt 4
C hapter 2
Derivation Of Fluid Equations
2.1 T S p a c e  a n d  L io u v ille ’s E q u a t io n
The s ta rting  point for the derivation of any of the  equations of plasm a physics m ust be an exact 
description of the plasma. Therefore, we begin with a plasm a of N  particles d istribu ted  among S  
species, each species s containing N (s)  particles. The exact s ta te  of the plasm a at time t is described 
by F p f j , X i ,..., X \ ,..., X ^ 2\  ••., X ^ S\ t ] ,  i.e. one point in 6 N  dimensional phase space
(or T space). Each Arj is the set of position and velocity coordinates of the ith  particle of species 
j ,  i.e. X j  = ( r j ,  v j) .
To a ttem p t to solve the equations for a  plasm a in such microscopic detail is impossible (involving 
3N  equations of motion for velocity in 6 N  o ther variables) so we instead s ta rt from a  distribution 
of s ta te  probabilities, p , such th a t
p ( X l , X ?  X ? W , X '2 ....... . . , x " (5),()d X 1...d x £ r(s) (2.1)
is the probability th a t the plasm a is in s ta te  [(X,1, X , +  d X ,),..., +  d X ^ s ^)] a t
time t. As we shall a t no tim e require to identify individual particles then we shall consider only 
distributions which are sym m etric with respect to  particle exchange w ithin each species. 
Norm alisation requires th a t
J  J  . . . j  p d x l . . . d x ” w  =  1. (2 .2)
Now according to  Liouville’s equation, the system  conserves volume in T space, i.e.
X s N( s )  s  N( s )
| + E E ^ . ) + E E ^ ) = o .  (2 .3 )
» = 1 t = l 3 $ = 1 i= 1 *
As we are dealing with forces such th a t the acceleration a  only depends on velocity through v  x B 
we can rewrite Liouville’s equation as
Ensemble averages are defined in the usual way,
( Q( Xl , . . . , X^s))) = I J  . . . J  PQ( X} , . . . , xZ(s'>)dXl...dXg(s). (2.5)
Given th a t the exact n particle d istribution function of species s is
S  n
F,"(X(1), X m  *<">) =  Y,  (2.6)
i ' = l « = 1
then  the average n particle distribution function is
K (x v \ . . . ,x ^ ) = (Jy ^ !„)i /  / • • • / p ( X i V . . x " (r Iu (1> * < " \ x r + i . . . , * " (s))
d X \ . . . d X ^ [ ~ l) d X ? +l. . . d X s (s) . (2.7)
We have of course used the sym m etry of p and we have also assumed th a t the values of to
X ( n) do not overlap.
Similarly we define the combined distribution functions for n (s) particles of species s, n (s ')  particles 
of species s ' as
C(r(.) ,*•')) = *(»)■___^ )l f f f .
d X l . . J X ^ l ~ 1)d X ^ +1. . . d X ^ ~ 1)d X ^ y ' )+1. . . d X s ('S) (2.8)
2.2  B B G K Y  H ie ra rc h y
The Liouville equation governed the evolution of p. To find the equivalent equation for / ” we 
m ultiply the Liouville equation by N ( s ) \ / ( N ( s )  — n)! and then integrate with respect to  all d X 's  
except d X }  ...dX™. Assuming th a t the  acceleration of each particle a ‘ can be w ritten
s JV(«')
»: = E E  <■ (2-9)
a'= 1 j  =0
where a ‘J , is the acceleration of particle % of species s produced by particle j  species s ' ( 0  if s =  s' 
and j  = i). a*° is taken to  be the acceleration caused by external fields and a ^ , ,  where s ' ^  s is 0 . 
After integration we have
f + E ’ ! # + E E '
» = 1 * = 1 j =0
d f l
dv\ +E /  .5*:»=iJ
+i) df:n +  l■dA" +1 +dx\ •EE/af.,S'?S »=1 J dx\
=  0 .
(2 .10)
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T he first te rm  of Liouville’s equation gives rise to  the term  d f?  Jdt,  and the next two term s arise 
from the boundary  conditions th a t p —► 0 as x  —» oo and as v  —► oo respectively. In the second 
last te rm  the sum m ations from j  = n  +  1 to  j  =  N  for s' = s are considered, and as (for a fixed 
value of i) the sym m etry properties of p make the integral constant, we can evaluate each of the j  
term s for j  =  n +  1. There are N (s )  — n — 1 such term s, so this yields the correct norm alisation 
for / " +1. In a similar way for each of the other species each individual particle j  gives the same 
integral for each value of i because of the sym m etry of p and so can all be evaluated for j  — \ 
leaving the combined distribution function in the integral.
T he set of equations (2.10) are known as the BBGKY hierarchy after their development by Bo- 
goliubov, Born, Green, Kirkwood and Yvon. These equations form a set of N  coupled integro- 
differential equations and are therefore ju s t as hard to  solve as our original Liouville equation. 
T heir value lies in the fact th a t we now have a series of equations which, after making a  suitable 
approxim ation, we can truncate . Hopefully this will leave us with a reduced set of equations - a 
set which we can solve.
2 .3  T r u n c a t in g  T h e  S e rie s  - T h e  V la so v  E q u a t io n
The sim plest way to truncate  the BBGKY hierarchy is to  consider the particles to be non-inter- 
acting. T hen  all a*^( =  0, except for a*° corresponding to  external forces, and the integral term s 
disappear leaving a solution corresponding to  uncorrelated particles, viz.
f?  (2 .11)
»=1
S N( s )
, = n n » )  (2 i2 >
«=i «=i
But this approach is clearly inappropriate when considering plasmas -  the  particles exert elec­
trom agnetic forces on each other and, due to  the long-range nature of these forces, each particle 
affects, and is affected by, m any othersf. However, simple considerations of Debye Length and
charge shielding lead to  the conclusion the kinetic energy of each plasm a particle is much greater
th an  its po ten tial energy J, and so it may be appropriate to  regard the plasm a particles as uncor­
rela ted  to  some ex ten t and introduce a scheme of successive approxim ation to  equations (2 .10 ).
|  These long-range forces rule out an alternative approach which was adopted  by Boltzm ann. He 
considered a gas of hard spheres and derived the famous Boltzm ann Kinetic equation for a  neutral 
gas.
|  T his criteria  is true for ideal plasmas, i.e. those with a large num ber of plasm a particles in the 
Debye sphere. There are some plasmas which are nonideal, such as inertial confinement plasmas 
and, surprisingly, the plasm a in the centre of the Sun. Strictly  speaking the approxim ations we 
m ake do not apply to  these plasmas, though in fact m any of the final results will be valid.
Let us now consider the electrom agnetic forces which the particles in the plasm a experience. A 
plasm a particle of species s, having charge qs and mass m s suffers acceleration from  external fields 
Eq and Bq of
a ‘“ = i i - [ E „ + v ;  x B 0], (2.13)
TTlg
and acceleration due to other plasm a particles of
a t = ^ - t < + v j x < ] .  (2.14)
• • * $
and are the electric and m agnetic fields produced by particle j  a t the position of particle 
t, i.e.
4k „ u  J iC = £ t ~  7 t i .  <2 1 5)
Hog*' vji x (rj ~  r j i)
4yr lr ‘, - r i ' l
We are making a hidden assum ption in (2.15) and (2.16). To be exact we should account for 
the finite speed of light, and hence propagation of electrom agnetic forces, by considering retarded 
potentials where the field a t tim e t exerted by particles a  distance r away is calculated according 
to the plasm a sta te  a t a tim e t — r /c .  To disregard this effect is to consider a  plasm a where the 
timescale of the phenom ena examined is much greater than  the light travel tim e across th a t portion 
of the plasm a which is influencing (an d /o r being influenced) by th a t phenomena. In general this 
means th a t the Debye Length times the frequency should be less than  the speed of light.
We now proceed by pulverising each of the particles in the plasm a. T h at is to  say we let N (s)  —*■ oo 
while holding N (s)q 3 and N ( s ) m s constant. Thus is constant. T his means th a t / ” =  0 ( N ( s ) n), 
a*° is constant and th a t a*J, =  0 ( N ( s ) ~ 1). Therefore the th ird  term  of (2.10) is one order of 
m agnitude less than  the rest of the term s (excepting j  =  0 , the external force term ) and can be 
discarded. Then the truncated set of BBGKY equations is,
dfs - ,■ df? i° <9/r . y*' f  W + 1 j y  I Y '  / a 1'1 - n
¥  f  ^  d r , + ^ J  “ *• - a 7 " d * " +1 +  2 ^  2 ^  ~  °-t = l * 1 = 1 * 1=1 3 S 1=1 5
(2.17)
Seeking a solution which can be expressed in term s of uncorrelated particles, i.e. (2.11) and (2.12) 
holding, it is easy to see th a t all the  equations will hold if
al. + f  al.fl(Xj)dX2 + Y i  j  a B  = 0- (2 1 8 )
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where we have now dropped the unnecessary sub and superscripts to arrive a t The Vlasov Equation. 
This is one of the m ost useful equations in plasm a physics and describes the evolution of a  plasma 
under external fields and including smoothed self-consistent plasm a fields,
5 .
a '( r ,v )  =  —  (E 0 +  v  x B 0) +  V '  /  “ [& ' +  v  x v ,/)d iy d v ,/ .  (2.20)m , J  m s l
(£,/ and Bsi are the fields produced by particles of species s ' a t the ( r ,v ) ,  i.e. (2.15) and (2.16)
with r* =  r  and r^, =  r y ; v^, =  v ,/) .
2 .4  T h e  F lu id  E q u a tio n s
The Vlasov equation ignores the close collisions between particles but other than  th a t it is an 
excellent description of the plasm a. In a sense it is too good, still containing too much information 
for the tractable analysis of the waves we wish to  study. For this reason we continue the process 
of simplification, this tim e with the aim of removing much of the information contained in the 
velocity space portion of the Vlasov equation.
By taking velocity m om ents of the Vlasov equation we move from six dimensional space plus time, 
(r ,v,<) ,  to three dimensional C artesian space plus time, ( r ,t) .  O f course, we expect th a t the set 
of equations we derive will not be closed, bu t instead form a chain of linked equations, in much 
the same way as the BBGKY hierarchy did when it was derived from the full plasm a distribution 
function (although the BBGKY chain did eventually close a t Liouville’s equation). However, we 
might hope th a t a suitable truncation  of the set of equations m ight give a  realistic yet tractable 
theory to work with.
F irstly we shall renormalise the Vlasov equation so th a t
n , ( r , t )  = J  / a(r ,v ,< )d v  (2 .2 1 )
is the density of species s in real space. This leads to  a  sensible redefinition of our ensemble average 
as
(Q )(r,*) =  —  /  / 4( r ,v ,t)Q ( r ,v ,< )d v . (2 .2 2 )
J
i.e. an average in v  space defined a t each point in r  space, so th a t the plasm a fluid velocity, (v), 
is defined as
v , =  —  f  v f s ( r , v , t ) d \ .  (2.23)
Tia J
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O ur zeroth m oment in velocity space is simply the integral of (2.19) over dv, i.e.
o l o2 o3
l % dv+J v ^ dv+h ' j ^ dv=o- (2-24)
This yields
^r+^ (n'v‘) = 0’ (2-25)
The Continuity Equation for species s. The first term  arrives from o l by definition, the second by 
the fact th a t the spatial derivative in o2  is independent of the integral and can be taken outside 
it. T he term s from o3 disappear because of boundary conditions th a t / ,  —► 0 as v  —► oo.
The continuity equation reflects the fact th a t the num ber of particles of each species is constant. 
W hen we deal with annihilation in e+ e-  plasmas we shall modify this equation accordingly.
Next we m ultiply by v and once again integrate the Vlasov equation:
o l  o 2  0 3
/ v f  r fv+/ v v - § W va' - f  ^  (226>
giving
d d
^  (n , v ,)  +  —  • (n , (v v ) ,)  =  a n , , (2.27)
The Momentum Equation for species s. Here the first term  arises from o l by taking the time 
derivative outside the integral. The second term  is similar, this time the spatial derivative being 
taken out of o2 to  leave the ensemble average of v v . In the acceleration term  on the RHS of (2.27) 
we have had to  define a new acceleration term  a. This arises from the complex definition of a ' from 
equation (2 .2 0 ) which when inserted into term  o3 of (2.26) gives
§ 7 dv <2'28>
In tegration  by parts of the term s involving electric fields is straightforw ard bu t the integration of 
the term s v  x B  requires more care. For the external magnetic field integration we have
—  f  v (v  x B 0) ^ - d \ .  (2.29)
m s J  d \
Because of the nature  of the v  x B term  we can include it inside the velocity space integral, i.e.
m . /  [(V X B°)^]dv- (2,3°) 
Then integrating by parts  gives
11
- ^ - ( v s x B 0) n , .  (2.31)
m a
Similar considerations apply to the acceleration term s integrated over each species in (2.28) and 
lead to our new acceleration term
5  f
a  =  —  [E0 +  v , x B 0] +  ^ 2  /  ~  [£«' + v » x f t ,] / i ( r » / , v,#)<fr,»<fv,/. (2.32)
m s 4/_j J
O f course, it would not be much of a simplification to derive a set of fluid equations for each species 
bu t to leave com plicated integrations in phase space as the  means of deriving the acceleration. We 
need to  simplify this acceleration term  further.
This is done by performing the integrals over velocity space in each of the term s Sa> and B a>. This 
yields a final version of the acceleration term  as
a  =  —  [E +  v , x B ] , (2.33)
m ,
where E  and B  have been defined as
< 2 -3 4 >
B  =  B ° + £  j  < 2 -3 5 >
For our purposes the first two mom ents over velocity space are sufficient. As expected, the first
equation (governing n a) involves n 4v , and the equation for m om entum  involves the energy tensor 
n 4 (v v )4. Were we to continue taking m oments, the next equation would govern energy evolution 
inside the plasm a and would involve the rank 3 heat tensor (v v v ) ,. If we are to  truncate  the  series 
after two equations then it is the term  (v v ), in the m om entum  equation which we m ust find an 
approxim ation to.
2 .5  T h e  M o m e n tu m  E q u a tio n
The first case th a t we might consider is where the plasm a is cold. T hen all the plasm a particles 
move at the average species velocity v , ,
f s ( r , y , t )  = n a(r,t)6[v -  v ,] . (2.36)
Then the term  (v v ) 8 becomes v ,v , .  Hence
^  (n av 4) +  ^  (nav a v a) =  a n , . (2.37)
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If we m ultiply the continuity equation, (2.25), by v , and expand the derivatives in (2.37) the 
equation becomes
dvs (  d \
This is the m om entum  equation for a  cold plasma.
The next case to  consider, one more realistic than  the last, is a warm plasma. Here we do allow 
the particles to  have a therm al spread but we assume th a t the distribution function is isotropic 
around v , in velocity space. This means th a t considering
/ /  vx vx vx vy vx vz \  \
(v v ) =  (  I vyv* vyvy vyv* 1 ) (2.39)
vz vy vz vz J  /
we can see th a t all the off diagonal term s m ust vanish. For the diagonal term s we make a change 
of variable to  v ' =  v  — v , . In this frame each of the term s is equal to  the therm al velocity vT so 
th a t
< v V ) =  ( 0? ) SI, (2.40)
where I  is the un it tensor. Thus (vv) becomes
(v v ), =  ((v # +  v )(v ' +  v )) =  v ,v ,  +  -“ - I ,  (2.41)Tl9 TTlg
where P , is the isotropic pressure of species s, defined as P , =  n 3m s( v j ) 2.
Then the m om entum  equation for a  warm  plasm a is
+  +  =  (2.42)
Or using the continuity equation in a way similar to above
dv, / d \ 1 dPs
i r  +  ( v< * ) v > = a - ^ : - 0 7 '  (2-43)
2 .6  M a x w e ll’s E q u a tio n s
We have now arrived a t the form of the plasm a equations needed for the study  of plasm a waves in 
the fluid approxim ation. The equation of continuity (2.25) will be used throughout, together w ith
the appropriate m om entum  equation: (2.38) for the cold plasma, (2.43) for the warm plasm a or
(2.27) when we discuss the sym m etries of general d istributions in chapter three.
However, no study of plasm a physics could be undertaken w ithout Maxwell’s Equations, which
give the correct m athem atical description of electrom agnetic fields.
13
dE Pt
7 T  =  ( 2 -44dr €0 
dB n
*  =  0 (2-45)
<9 ^  5B  o
- x E  +  -  =  0 (2.46)
9 n  d E  ,
—  x  B  -  W o - £ -  = itoJ (2.47)
All the symbols have their usual meaning, pt is the charge density and j  is the to ta l curren t density. 
W hen we derived th e  fluid equations we used E  and B  fields which were derived from Coulom b’s 
law and the B iot-Savart law. These gave difficult integral equations for the electric and magnetic 
fields in the plasm a ((2.34), (2.35)). It is far easier to find the Plasm a E  and B  fields from M axwell’s 
equations. M axwell’s equations (or the Maxwell, Heaviside, Hertz equations (P e ra tt 1992)) give the 
resulting electric and m agnetic fields as the plasm a develops different charge and current densities
in its s tructure . I t is in this context th a t we shall employ them , noting th a t for a muti-species fluid
plasm a
5
*  =  £ * » ■ •  (2.48)
s — 1
5
j  =  X > n , v 4. (2.49)
j = i
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C hap ter 3
Linear Waves In Equal Mass Plasmas
3.1  I n t r o d u c t io n
In this chapter the study of the norm al wave modes of an infinite homogeneous equal mass plasma 
is undertaken. The plasm a is considered to  be in the fluid approxim ation, so it can be described 
by a continuity equation and a m om entum  equation. The m athem atical techniques th a t we will 
use in this chapter and in chapter four will be those of Fourier analysis and linearisation. These 
are bo th  very well known techniques and hardly need any exposition here. Briefly however we note 
the following.
As the plasm a is infinite and homogeneous the problem is simplified. An infinite spatial extent 
removes the need to  tackle boundary conditions and homogeneity means th a t for linear waves 
there are no zero order derivatives in the problem.
Fourier analysis (see e.g. Bracewell 1986) involves transform ing from  (r, t)  space to (k,u;) space 
using the transform ation
\t( r ,  t) exp ( i(u t  — k  • r))drdt.  (3.1)
The reverse transform ation is
J  j  ’t /(k,o;) exp(i(u;< — k  ■ r))dkda>. (3-2)
T he value of the Fourier transform ation is th a t it can change differential equations into algebraic 
ones. However, these algebraic equations will form an infinite hierarchy unless the equations in 
( r , 2) space are linear. Consequently the Fourier transform  is much more useful if applied to  linear 
equations.
Linearisation is a  simple, bu t powerful, m athem atical technique. It has been applied to  a wide va­
riety  of problems and its use in solving for the norm al wave modes in plasm as is well known (Clem-
mow & D ougherty 1969, Nicholson 1983, Stix 1962). Its essence is th a t if we have an equilibrium
in a complex set of equations, and we disturb th is equilibrium  by a sm all (formally infinitesemal) 
am ount, then  we can derive a set of equations for the perturbing quantities which are linear. This 
happens because the equilibrium  quantities are constant (and are thus ju s t param eters), and the 
p roducts of perturbing quantities are of second order and can be ignored.
N o ta t io n  a n d  F ig u re s
In the analysis to  follow it will become convenient to  label the  waves in an equal mass plasm a 
according to  the electric field associated with each wave. We shall use the symbol n  to  refer to a
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wave. IIX, Ily or 11* will refer to a wave w ith an electric field E x , E y or E z respectively. Uxz will
refer to a wave with an associated field in the x — z  plane.
In all the figures for chapter three frequency is normalised to  u)p and wave number to  ko, where
k0 = c/<jjp .
3 .2  D is p e rs io n  R e la t io n  F o r A  M a g n e t is e d  P la s m a
The s ta rting  point for the derivation of the dispersion relation are M axwell’s equations for the curl 
of E  and B.
| x E  +  f  =  0  ( 2 4 6 )
^  x B  -  f o / ^ o ^  = /ioj (2-47)
The first step is to  perturb  these these equations from equilibrium, allowing for a zero order
homogeneous m agnetic field Bo but for no zero order electric field or currents. Denoting the
pertu rbed  m agnetic field as B i these equations then become
A * E  +  § i = ° ,  (3.3)
0  d E—  x B i  -  eo/*o-^* =  /*oJ, (3.4)
where E  and j  now represent pertu rbed  quantities.
We now proceed w ith a Fourier analysis, all pertu rbed  quantities being assumed to  vary as 
exp ( i(u>t — k • r ) ) . This gives
- k x E  +  « B i  =  0, (3.5)
- k  x B i - ( jjcqhoE  =  (Aoj (3.6)
It is convenient to  introduce a  dimensionless form of the wave vector
kc
n = -  (3.7)
<jj
and having done this we can use (3.5) to elim inate B i in (3.6) to give
n  x (n  x E ) =  —  -  E . (3.8)
UJ€q
It is convenient, though far from  essential, to  define a coordinate system  in which to  work. The 
usual choice is to  direct Bo along the z  axis and to confine k (the direction of propagation) to  the
x  — z plane, m aking an angle of 9 w ith the  z axis (figure 3.1). Then (3.8) becomes
/ l  — n 2 cos2 6 0 n 2 cos0 s in 0 \
0 1 — n 2 0 ) . e ------—  =  0. (3.9)
\ n 2 co s0 s in 0 0 1 — n 2 sin2 6 J we°
This equation will hold in all cases (we have only used M axwell’s equations to  derive it) bu t we
still require to find the response current from our plasma, and so tu rn  to  our fluid equations.
3.3  T h e  C old  P lasm a
To analyse wave propagation in a cold plasm a we s ta rt with the cold plasm a m om entum  equation,
dv s (  d \
~ a r + V d i r " an’- <*•">
Linearising, with no zero order velocity term s, and employing a Fourier analysis as before, yields
i u v s = —  (E  +  v , x B 0). (3.10)m 3
A dopting the sta ted  coordinate system, this equation can be rearranged to  give the velocity com­
ponents for each species. Then using (2.49) to sum over each species, we obtain  the current in the 
plasma,
. _ q%ns ( iwEx + By \
iq23n , E z
s=i
where =  qaB o /m s is the gyro frequency for species s. Note th a t the  usual convention of defining 
£1 > 0 is not adopted here, instead Qs has the same sign as the charge of species s.
Equations (3.11) can be w ritten in term s of a  conductivity tensor so th a t
j  =  <7 • E , (3.12)
where
S  w 3 - f t 3 ui3 —Cl1 U
qjj} 
m
E 3n 3
4 =  1
Cl. i w  ri
w3- n 3 w3- n 3 u (3.13)
0 0 i )
Recalling then the dispersion relation, (3.9), we can rewrite the  dispersion relation for a cold plasma 
as
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e E  =  0. (3.14)
e is the dielectric tensor, 
/
€ =
S
E
5 = 1
1 “   -  n* cos2 9 J2
\
tWjCI,
-  w3- n j
» = i  *
n 2 cos2 0 sin2 0
1 ~  E  wa-n? -  n *
*=i
5
n 2 cos2 0 sin2 9 
0
5 = 1
0 1 -  E  -  n * sin2 9
5 = 1
The plasm a frequency of species s has been defined as w, where
(3.15)
u * = !h 3 l
m ,e a
(3.16).
Eigensolutions of (3.14) exist when the determ inant of the m atrix  forming the dielectric tensor is
3 .4  T h e  C old  E qual M ass P lasm a
The expression for the dielectric tensor, (3.15), is quite general and its solutions, |e| =  0, are well 
known for electron-ion plasmas (Stix 1962, Clemmow &; Dougherty 1969). We now study  the form 
of the solution for an equal mass plasm a - two com ponents each of mass m  and of charge ±g. 
Summing over equal mass components a n ,  022 and <733 take on simple forms. However, both <ri2 
and a 21 are zero due to the charge/m ass symmetry. This is a  considerable simplification, yielding 
the dispersion relation for an equal mass plasm a as
1 — — 712 cos2 9 0
,.,3
0 1 -  
n 2 sin 9 cos 9 0
n 2 sin 9 cos 9 
0
1 — — n 2 sin2 9
= 0 . (3.17)
The term  u p is the plasm a frequency of the whole equal mass plasm a and Q.2 is the square of gyro
frequency of each com ponent, viz.
2 2” 9UJ — -----p
Q2 =
m eQ
m
(3.18)
(3.19)
M athem atically the ex tra  sym m etry of the plasm a has removed term s € 1 2  and €21- Physically this 
means th a t a harmonic electric field in the x  direction produces only a current j x , bu t j y =  0 . 
Similarly for a  field E y we find th a t j x =  0. Thus the gyro m otion of the plasm a does not cause 
currents to  flow.
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Taking a specific example to  illustrate, consider an oscillating driving field E x . T hen from the 
equation of m otion (3.10) it is seen th a t
—iq
Vx =  (Ex + VyBo),m u
iqB0vx
w ith solutions
m u
(3.20)
(3.21)
vv =
- i q E x
q2B oE x
1 -
1 -
q2B 2
m 2u)2
f B l
i2 , . ,2
- 1
- 1
(3.22)
(3.23)
m 4w‘ \
Recalling th a t all these solutions are harmonic as e*(V1- k r ) we can see th a t positively charged 
particles oscillate, in the x  direction, w ith phase 7r/ 2  behind E x , whereas the phase of the negative 
particles is tt/2  ahead. However, the ex tra  factor of q in the solution for vy means th a t w hatever the 
charge of the particles they are in phase with the driving field. Hence the current, j ,  =  g ,v ,, flows 
in the opposite direction for each com ponent and no net current flow exists parallel to  the harmonic 
field. This is illustrated  schem atically in figure 3.2 for bo th  equal mass and electron-proton plasmas. 
We now look a t the special cases of propagation parallel and perpendicular to the magnetic field.
P a ra l le l  S o lu tio n s
For parallel propagation, 0 =  0, hence |c| =  0 becomes
0
=  0 .
0
0 1 — — n 2 0
Uf3
0 0 1 - r f
The determ inant of the  diagonal m atrix  is trivial and yields the solutions
(3.24)
for waves n x and n y, and
n 2 =  1 -
>2 - Q 2
L)2 =  U2
(3.25)
(3.26)
for the solution n * .
Equation (3.26) is the usual electrostatic plasm a oscillation along (and hence unaffected by) the 
m agnetic field.
Equation (3.25) can be rew ritten  as
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The resonance (k =  oo) a t u> =  Cl and the cut off (fc =  0) a t u>2 =  u>2 +  Cl2 allows us to  see the 
m ain features of the graph which is p lotted in figure 3.3.
A t low frequencies the dispersion relation is
» 2 =  l + j £ ,  (3.28)
so th a t
^  *  1 + Av \ J c 2 *  (3,29)
where v \  — B q/ popm is the squared Alfven speed, pm being the plasm a mass density. Thus, the 
lower portion of the dispersion relation is the transverse Alfven wave. (So called as the field is 
compressed perpendicular to the direction of propagation.)
The upper portion of the  dispersion relation is easily identified by noting th a t for high frequencies 
u> «  kc, which is ju s t the expected transverse electrom agnetic wave.
If Cl = 0, i.e. Bo =  0, we have no Alfven wave and the TEM  cut off is a t cup , as expected.
F a ra d a y  R o ta t io n  a n d  W h is t le r  W av es
One of the most instructive ways of examining the special properties of an equal mass plasm a is
w ith reference to  the more usual electron-ion plasm a (Stix 1962, Clemmow &; Dougherty 1969,
Nicholson 1983). For the  case of parallel propagation the solutions to  the  dispersion relation are 
given by
— n 2 i/3 0
-i/3 a  — n 2 0
0 0 j
0. (3.30)
The coefficients of a ,  (3 and 7  are given by summing over plasm a species in (3.15). Using an e~p+ 
plasm a to  illustrate we have,
a = 1 - A : - A : ’ <3-31>e p ~
u)2 Cl.-
(3'32)C
7 =  1 —  2 2 ■ (3-33>UJ2
The solution 7  =  0 is ju s t the same electrostatic oscillation of the plasm a as was equation (3.26), 
bu t the solution of the 2 x 2  m atrix  gives two distinct solutions,
n 2 =  a ±  /?. (3.34)
Obviously these waves consist of oscillations which combine x  and y electric field vectors, and 
substitu ting  the solutions into the dispersion relation reveals th a t the solution a  + (3 is right hand 
circularly polarised, and the solution a  — /3 is left hand circularly polarised. The disappearance 
of the (3 term  in the equal mass plasm a has allowed us to  work with modes which are linearly 
polarised, although circularly polarised modes could equally well be constructed.
A sketch of the solutions of (3.34) is shown in figure 3.4. Tw o portions of the graph are im portant. 
The first, labelled (A ) shows the so-called whistler wave. I t  is in this region th a t both  the phase 
and group velocity of the R.C.P. component increase with frequency. A glance a t figure 3.3 reveals 
th a t both  the phase and group velocity of the equal mass plasm a decrease w ith frequency from 
uj — 0 —» Q. Thus the whistler wave is absent. Differentiation of (3.25) confirms this.
The second area of interest, labeled (B ) in figure 3.4, lies a t higher frequencies. Here the split 
between the circularly polarised modes gives rise to  Faraday ro tation . This is the rotation, in 
space, of the plane of polarisation of a linearly polarised wave. An equal mass plasm a has no such 
splittings and consequently Faraday ro tation  does not occur in these plasmas. T his phenom ena has 
already been noted in connection with e+ e-  plasmas (Nordelinger 1978). In §3.7 we shall discuss 
under w hat conditions anisotropic d istribution functions of an equal mass plasm a will m aintain 
this property.
P e r p e n d ic u la r  S o lu tio n s
For perpendicular propagation (6 — 7r / 2 ) the dispersion relation has solutions given by
J 0
0 1 -  z& P  -  " 2 0
0 0 1 -  s i  -  n 2
T he determ inant is again trivial, yielding solutions
=  0. (3.35)
u;2 =  u;2 +  f t2 (3.36)
for n*,
" = 1 -  <337)
for Uy (the same solution as in the parallel case) and finally
„ u;2
n =  1  1 - (3.38)
u
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for n*.
Equation (3.36) represents a non-propagating oscillation, with the electrom agnetic force being 
enhanced by the gyro motion so th a t the oscillation is of a higher frequency than  the normal 
plasm a frequency oscillation.
The solutions for n y have been discussed previously.
Finally, the IE  result, equation (3.38), is easily recognised as a transverse electromagnetic wave. 
Since it involves particle m otion along the magnetic field, we are then left w ith the unm agnetised 
result.
These results are summarised in figure 3.5.
G en era l P ro p a g a tio n
Exam ining the dispersion relation (3.17) for general angles of propagation it can be seen th a t the 
solutions of |e| =  0 can be reduced from a 3 x 3 determ inant to  a 1 x 1 and a 2 x 2.
The singular m atrix  solution, 622 =  0, gives rise to a wave IIy w ith dispersion relation
" 2  =  1 "  ( 3 ' 3 9 )
which has already been discussed. For this wave E  and k  (and hence B i are all perpendicular, 
which allows us to  identify this wave as a  transverse electrom agnetic wave at high frequencies 
and a transverse (or fast) Alfven wave at low frequencies. The other two solutions come from the 
determ inant of the rem aining 2 x 2  m atrix  :
1 — — n 2 cos2 0 n 2 cos2 6 sin2 6
n 2 cos2 0 sin2 0 1 — 7^  — n 2 cos2 0
= 0 (3.40)
This represents a wave IIx z .
W riting A  — 1 — w2/(u >2 — Q2) and B  — 1 — Wp/cu2 so as to best illustrate the sym m etries of the 
solution we then have
2 A B  / o A1\n  =  s—------------— . (3.41)
A sin 0 + B  cos2 0
Note th a t this becomes n2 =  A  a t 9 =  0 and n 2 =  B  a t 9 — tt/2 .
Exam ining a plot of the dispersion relation from (3.41) (shown in figure 3.6) it can be seen th a t 
the Alfven wave, which exists a t 0 — 0, drops off in speed as 9 is increased and finally disappears at 
9 =  7r / 2 . This wave is of course the shear, or slow, Alfven wave. Noticing th a t for low frequencies 
B  A,  (3.41) becomes (for angles suitably far from ir/2)
n 2 «  - 4 r - r .  (3.42)
cos2 0 v '
Using the low frequency approxim ation for A,  (3.29), this becomes
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u) «  v a Ic cos9, (3.43)
the expected result for the shear Alfven wave.
T he two resonances in the dispersion relation obviously occur when A sin2 0 + B  cos2 0 =  0. Inserting 
the expressions for A  and B  this becomes
“ res =  ^  ( fi2  +  “ p ±  ( f i4  +  “ p -  2Q2w2 cos 20)1/2)  , (3.44)
which gives the ex ten t of the stop bands for all angles.
If the equilibrium  field is weak, such th a t u/p >> Q, (3.44)takes on a simpler form through ignoring
the term  Q4 and m aking a binomial expansion of the  square root:
“ r e t  «  \  ( fi2  +  w2 ±  o>2 5 -  cos 20^ ^  , (3.45)
so th a t the upper and lower resonant frequencies become
“ u p p e r  r e s  =  “ p +  ^  s in 2  ( 3 . 4 6 )
“ lo w e r  r e s  =  ^  COS2 9 .  ( 3 . 4 7 )
As previously noted, the wave combines electric fields in the x  and z  directions. The dot product
of E  and k is shown in figure 3.7. From this it is obvious th a t the angle between E  and k is
no t a constant, so the high frequency waves arising from this solution can be identified as a form 
of extraordinary  electrom agnetic mode, in which the electric field vector is not perpendicular to 
the direction of propagation. (We have seen though th a t in the case of propagation parallel and 
perpendicular to the field equal mass sym m etry means th a t k JL E.)
C M A  D iagram  For E qual M ass P lasm a s
The CM A (Clem m ow-M ullaly-Allis) diagram  is a  way of classifying the waves which exist inside a 
cold plasm a. W ith  the two free param eters of the plasma, density and m agnetisation, represented 
on the axes u>p/ u  and 0 ,/u  respectively, the surface of the diagram  represents all the possible s ta tes 
of a  uniform  cold plasma. All the solutions which we have found so far (e.g. transverse Alfven waves) 
exist only for certain frequencies, and on the CMA plot these frequencies are represented as the 
areas between different bounding surfaces -  calculated from the dispersion relation. For the equal 
mass plasm a the two quantities A  and B  form the bounding surfaces : A  =  0, A  =  oo, B  = 0. 
W ithin  these regions normalised wave vectors can be plotted. I t can be shown (Allis, quoted in 
Stix 1962) th a t the wave vector surfaces (essentially surfaces of refractive index) are topologically 
invariant inside any of the boundary regions, whence the value of the CMA diagram  in summarising
23
the properties of a  cold plasma. (It is also possible to  plot group velocity surfaces, though more 
care m ust be taken (W alker 1977).)
The CM A diagram  for the equal mass plasm a is shown in figure 3.8. As can be seen there are five 
d istinct regions to  the plasma.
(a) Alfven Wave Region: here both  fast and slow Alfven waves exist.
(b) Highly M agnetised Region: here the fast Alfven wave still exists, bu t the slow one has become 
more electromagnetic in character.
(c) Transition Region: frequencies above u p and Q bu t below y/(up + f l 2). The fast Alfven wave is 
cut off, bu t a  sem i-transverse EM wave can still be transm itted  as long as the particle motion 
is mainly along z, minimising the influence of the m agnetic field.
(d) High Frequency EM Region: ordinary and extraordinary electrom agnetic waves propagate in 
this region.
(c) Stop Region: below u p bu t above Q. No waves propagate in this region.
3 .5  W arm  E qual M ass P lasm a s
We now extend our trea tm en t of plasm a waves to a warm  equal mass plasm a. T hus our m om entum  
equation is now
<9v /  d \  1 d P
W  +  ( v e ; ) v  =  a - ^ a 7 '  ( U 3 )
We have tem porarily dropped the species subscripts for clarity.
As previously we linearise these equations, additionally letting  P  — Pq 4- P i, where Po is an 
equilibrium  pressure and P\ is a perturbation . This, after Fourier analysing, gives
i u v  =  — (E  +  v  x Bo) H-------  —-Pik. (3.48)
m  uqtti
Now, assuming our plasm a to  behave as an ideal gas, we can s ta te  th a t for adiabatic changes 
Pi = ^ k s T n i, where 7  is the ratio  of specific heats, T  is the tem perature  of the species and k s  is 
Boltzm ann’s constant. From the continuity equation we easily see th a t
(3.49)
u
Thus
i u v  =  — (E  +  v  x B 0) +  k(k • v ) (3.50)
m m u
The resulting equations for the  velocity com ponents can be solved in the same way as for the cold 
plasm a, although the expressions are more complex. W ith the aid of com puter algebra (Reduce 
3.3) this difficulty is overcome and results in the following
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_ q ( E x (ia2k 2uj cos2 0 — iu>3) + E yQ(a2k 2 cos2 6 — u>2) +  E z (—ia2k 2u> sin 6 cos 9)) 
x m ( u 2(u>2 — Q2) + a2k 2(Q2 cos2 9 — u>2)) ’
_ q ( E xQ(—a2k 2 cos2 9 +  u/2) -f E y(ia2k2u  — tw3) +  E zQ(a2k 2 sin 0 cos0)) 
y m(u>2(u;2 — f l2) a2k 2(Q2 cos2 9 — u>2)) ’
_ q ( E x (—ia2k 2 cos 0sin 0) +  E yQ(a2k 2 cos 0sin 9) +  E z (ia2k2u> sin2 9 +  iQ2uj — iu;3))
2 • m(u>2(u>2 — Q2) +  a 2k 2(Q2 cos2 9 — u>2))
(3.51)
where the adiabatic sound speed has been introduced:
a 2 =  (3.52)
m
We move stra igh t on to the equal mass case, and also note th a t we consider both  species to  be at 
the same tem perature. This is not a further restriction over those already inherent in using the 
warm  plasm a model. To see why this is the case consider the transfer of m om entum  in a collision 
between two particles of masses m i and m 2. The m om entum  transfer is proportional to m i / m 2 
so th a t it is much easier to transfer m om entum  between particles of sim ilar masses than  between 
those of widely different mass. W ith electron-ion plasmas this means th a t each species in the 
plasm a can reach self-equilibrium in a far shorter time than  it takes for the whole plasm a to reach 
a true equilibrium  (Laing 1981), so it is natu ra l a t this point to  develop a theory with unequal 
tem peratures for the species. Conversely, in an equal mass plasma, the transfer of mom entum  
between species is as easy as the transfer of m om entum  among an individual species, so th a t all 
equilibrium  timescales are the same. T he equal mass plasm a therefore reaches a global equilibrium 
in the same tim e as each species could reach a self-equilibrium and so it is na tu ra l to  make both 
species tem peratures equal.
Looking in detail a t equations (3.51) we see th a t vx<z — vXiZ(E x , E yQ, E z ). Thus the dependence 
of vx and vz upon E y is factored by Q which cancels when summed over different equal mass 
com ponents. Similarly vy =  vy (E xQ, E y , E z Cl) and the dependence on E x and E z cancels in the 
equal mass sum. The current in a warm  equal mass plasm a is thus
•   _________ 2tnqau>___________
J  m ( u i 2 (u /2 —f l 3 ) + a 2 fc2 ( f l 3 c o s 3 8 —w 2 ))
/  a2k 2 cos2 9 — u 2 0 — a2k 2 cos 0 sin 0 \
x 0 a2k 2 - u 2 0 E  (3.53)
\  — a2k 2 cos 0sin 9 0 a2k 2 sin2 9 -f Q2 — w2 J
which has the same sym m etries as the cold case.
T urning to  the dispersion relation (3.15) and using (3.53) we find
( 1— © (w 3 — a 2Jfc3 c o s2 0 )—n 3 co s3 0 0  co s0  sin 6 ( n 2 — Q a ^ k 2) \0 1 —0 (w3 —a3*3)—n2 0 J E  =  0, (3.54)
c o s  9 s in  0 ( n 3 — © a 3 fc2 ) 0  1 — 0 ( w 2—f i 2 — a 2 fc3 s i n 3 $ ) —n 3 s i n 3 8 J
25
where
0 = (3.55)
w2 (u>2 — ft2) +  a 2fc2 (ft2 cos2 6 — u>2)
As with the cold equal mass plasm a we shall first look a t propagation parallel and perpendicular 
to  the field before going on to  look a t general angles of propagation.
P a r a l le l  S o lu tio n s
The dispersion relation (3.54) for 6 =  0 is
1 — 0 o(w2 — a2k2) — n 2 0  0
0  l  — 0 o (uj2 — a2 k 2) — n 2 0  =  0 ,
0  0  1 -  0 o(u>2 -  f t2)
where 0o is given by substitu tion  of 0 =  0 in to  (3.55).
Of course th e  determ inant equation is trivial and yields the following solutions:
(3.56)
for waves II* and Ily and
1 - (a/2 -  ft2) (8.25)
1 - =  0 (3.57)
(w2 -  a 2P )  
for a  wave II*.
T h a t the solutions of (3.56) for waves n r  and IIy are those found for a  cold plasm a is ju s t what 
we should expect. This is because for x and y  electric fields, the particles move in the x  — y plane, 
thus k  is perpendicular to v  and no pressure force is felt.
The solution (3.57) for 11* is somewhat altered from the cold plasm a case and can be w ritten
2 l 2lj = + a k (3.58)
This is of course the electrostatic Langmuir wave (w ith k parallel to  both  E  and Bo) found in all 
plasm as. These dispersion curves are shown in figure 3.9.
P e r p e n d ic u la r  S o lu tio n s
W ith 9 — ^ / 2  the dispersion relation becomes
1 — 0 t / 2w2 0 0 
0  1 — 0 „./2(w2 — a 2fc2) — n 2 0
0 0 1 — 0 t / 2 (w2 — f t2 — a2k 2) — n 2
=  0 , (3.59)
w ith
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0 X /2  “  u;2(u>2 -  Q2 -  a 2k 2) ' (3  60)
Again the sym m etry of the plasm a reveals itself in three d istinct solutions :
for waves 11^,
for waves II y and
1 u>2 -  Q2 -  a2k 2 °  (361)
„ C0 p(u>2 — a2k 2)
"  =  1 “  u>2(u>2 -  Q 2 -  a2k 2) (3  62)
u?
(S .38)
for waves 11*.
Taking the 11* wave first we find the norm al transverse electrom agnetic wave th a t existed in the 
cold plasm a. Here of course the particle m otion is confined to  the z direction and is thus unaffected 
by the m agnetic field, so th a t k _L v  and no density pertu rbation  occurs to  produce a pressure 
force.
Equation (3.62) can be seen to split in to  two parts, an Alfven-sound wave (discussed further below) 
and an electrom agnetic wave.
Equation (3.61) can be rew ritten  as
* u>2 =u>2p + Q2 + a2k 2. (3.63)
These waves correspond to  upper hybrid waves found in electron-ion plasmas, the upper hybrid 
frequency ju s t reducing to y/(u)p +  ^ 2) for an equal mass plasm a. These waves can be seen as the 
m agnetised analogue of Langmuir waves and are electrostatic (k || E ).
These results are summarised in figure 3.10.
G en era l P ro p a g a tio n
The sym m etries of the equal mass plasm a cause the dispersion relation for th e  w arm  plasm a to 
have the same form as for the cold case (i.e. v \ 2  — 021 =  < ? 2 3  =  ^32  =  0). T hus the solutions to 
(3.54) reduce once more from a  3 x 3 determ inant to a 1 x 1 and a 2 x 2.
Considering firstly the l x l  determ inant, which gives solutions for Ily waves, we find
2 _   o;2(u;2 -  a2k 2)____
n uj4 — uj2(Q2 — a2k 2) + a2k2£l2 cos2 6 ’
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This is a  dispersion relation which is quadratic in k 2, and solutions for various angles are plotted 
in figure 3.11, where we see th a t the electrom agnetic wave exists a t all angles (as expected) and 
th a t the Alfven and sound waves exhibit various degrees of coupling, from  0 =  0, where they are 
separate, to  6 = 7t / 2  where they form one single wave. This is a  result of the compressional Alfven 
wave producing no density perturbation  a t 9 = 0 (because the induced gyro motion along x is still 
perpendicular to k  -  hence the absence of a sound wave), bu t as 9 swings round to  x /2  a density 
perturbation  arises and the Alfven wave begins to  couple to  the sound wave via the V P  force. 
Notice th a t we have shown the ‘sound wave’ u>2 =  a2k 2 a t 9 = 0. A lthough this wave does not 
exist physically its dispersion relation is an asym ptote for the Alfven-sound wave as 9 —► 0. 
Turning to  the 2 x 2  determ inant (£11633 — £31613 =  0) this becomes
(1 — 0 (o >2 — a2k 2 cos2 9) — n2 cos2 0)(1 — 0 (u >2 — Q2 — a2k 2 sin2 9) — n 2 sin2 9) —
cos2 9 sin2 9(n2 — Oa2k 2)2 =  0 (3.65)
Using (3.55) for 0  this becomes a cubic polynomial in k 2. The dispersion relation is plotted in 
figure 3.12 for various angles 9.
The figure can be seen a t low frequencies to  exhibit a sim ilar Alfven-sound wave behaviour already 
discussed for the n y solution (again we plot the asym ptotic solution u>2 = a 2k 2 a t 9 =  0). A t higher 
frequencies we see the extraordinary electrom agnetic wave found for cold plasm as and in addition 
a spectrum  of electrostatic waves which can exist a t any angle.
3.6 C ollis ion a l E ffects In A  W arm  E qual M ass P la sm a
The final fluid model th a t we study for the equal mass plasm a is one which incorporates the effect 
of collisions. This m ust be done phenomenologically, as the Vlasov equation (2.19), from which we 
derived the fluid equations, ignores ‘collisions’ (or more correctly ignores close coulomb interactions 
between two particles in the plasm a). Despite this ra ther ad hoc approach the warm  plasm a model 
with collisions is very useful. Theoretically we wish to  show th a t the special sym m etry found in 
the equal mass plasm a is not destroyed by the inclusion of a  collision term .
The phenomenological collision term  which we adopt is one which takes the form of m om entum  
dissipation arising from a ‘frictional’ force between two fluid elements. Included in the m om entum  
equation for the warm  plasm a it gives
^  + (vi ) v* i (E+v-x B) - i l l  - ' t  v-Av- - v">- (3-66>
x * '  =  1
vS', is the ‘collision frequency’ between species s and s'. Various models can be adopted for the 
form of this term  (it can be a  function of bo th  v , and v ,/)  but we are not interested in these 
specifics, ra ther in how an equation of the form (3.66) behaves for an equal mass plasma.
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The analysis of equation (3.66) proceeds exactly as for the warm  and cold equal mass plasmas: 
we first linearise and then take a Fourier transform . However, now the equations of m otion are 
coupled via the collision term:
iu/v+ =  — (E  +  v+ x B 0) +  — k (k  • v + ) -  i/(v+ -  v _ )
m (3.67)<7 IQ*
iu/v_ =  — (E  -f v_  x Bo) H k (k  • v _ )  — — v+ )
m ui
These are the six coupled equations to be solved for the  six velocity com ponents of the plasma: 
v+ k  v _ . Physically we have not changed the equations much, bu t algebraically the additional 
collision term  is far from trivial and the resultant equations are very unwieldy. It is alm ost essential 
to  use com puter algebra to solve these equations -  to  tackle them  by hand is practically impossible. 
After analysis by Reduce 3.3 the velocity com ponents are obtained. These expressions are long ( 20 
A4 pages) and not particularly  useful, so we do not give them , however, we find th a t the extra 
sym m etry of the problem  is not destroyed by the presence of a  collision term : the dependences of 
vX)Z on E y and of vy on E x>z are still all factored by Q. So the dispersion relation takes on the 
same form  as before:
(f i i  0 ei3 \0 € 2 2  0 I • E  =  0 (3.68)e31 0 €33 /
But now the  non-zero € term s take on an uglier cast:
€n  =1 — u/2 [a4k 4(2i/uj cos2 9 — iQ,2 cos4 9 + iui2 cos2 9)
+  a 2Jb2 (4ii/2u/2 -4- 2uQ2u  cos2 9 — (4 4 - cos2 9)uu3 
+  2iQ2u>2 cos2 9 — (1 -f- cos2 0)iu/4)
-|- (iu/6 +  4i/u/5 — i£I2u/4 — Aii/2u>4 — 2i/fl2u/3)]-^E — n 2 cos2 9,
(3.69)
ei3 = e3 i =  cos 0 sin 0( n2  — a 2 fc2u/ 2 [a2fc2 (iu/2 +  2i/u> — i f l2 cos2 9)
-|- u/2 (iu/2 — 2vw -1- ift2)] -T- E),
(3.70)
€22 =1 — w 2 [a4 fc4 (iu/2 +  2.uu) — iQ2 cos2 9)
-f a2k 2{—2iu>4 — +  iu/2*/2 + iu>2fl2( l  -|- cos2 9) +  2i/u/Q2)
+  (iu/6 +  4u/5*/ — iu>4Q2 — 4iu/4*/2 — 2uQ2u>3)] S  — n 2
(3.71)
e33 = 1  — a/ 2 [a4k4 cos2 9 sin2 9{iu2 +  2i/u — if t2)
+  a2k 2(Aiv2 +  (2 +  2 cos2 9)Q,2uj — (4 +  2 sin2 9)uu3 
— iQ4 cos2 9 -f 2iQ2ui2 — i ( l  -F sin2 9 )u4)
-I- (iu; 6 + Auui5 — 2iQ2u 4 — Aiv2u>4 — AvCl2u 3 +  if t4u/2)] -r- E — n 2 sin2 9,
(3.72)
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where the factor E is equal to
a4k 4(iu)4 +  Auto3 — 2iQ2u;2 cos2 9 — Ai/Q2u  cos2 9 +  iQ4 cos4 9)
-\-a2k 2u>(—iu;5 — 5*/u/4 +  8 iu2w3 +  i£l2L>3 cos2 9 +  4*/3cj2 +  3(1-1- cos2 9)vQ?u2 
—2 i( l +  cos2 9)Qv 2uj2 — i£l4u} cos2 9 — i/Q4 cos2 9)
+u/3 (iu; 5 +  6u u 4 — 12i*/2u/3 — 2iQ2w3 — 8 i/3u>2 — 8uQ,2lj2 +  8iu2Q,2ui +  iQ4 u> +  2 vQ,4).
(3.73)
S o lu tio n s For W aves II y
This class of solutions is obtained by setting  € 2 2  =  0. It yields a th ird  order polynomial in k 2. The 
ex tra  solution turns out to be a repeated root of the sound wave solution and the full solution is 
broadly the same as for a  w arm  plasma. The solution is shown in figure 3.13. As all the waves are 
dam ped there is no am biguity between 3?(fc), which is always positive, and O'(fc), which is always 
negative (lying to  the left of the u  axis). To plot these solutions we have used a  simple Coulomb 
collision term  (Nicholson 1983) of the form
8 xng4 In A
v  =  ' (3 -74)XXX Vtji
where A is the Coulomb logarithm  and vt  is the therm al speed.
As the dam ping is proportional to  t/^3, in figure 3.13 the tem perature  is lower than  for the  dispersion 
relations shown in the warm  plasm a section. The characteristic dam ping behaviour is m ore evident 
as the collision frequency is the same order as the gyro and plasm a frequencies. Broadly, the 
solutions are the same as found in the warm  plasm a model. The second sound wave solution is 
seen to  be more heavily dam ped than  the first, thus it m ight be less im portan t for wave propagation, 
bu t more so for heating.
S o lu tio n s  For W aves Ilxz
The second class of solutions is derived from the dispersion relation by setting  €11633 — €13631 =  0. 
A fifth order polynomial in k 2 results. On plotting the solutions the two new roots are found, as 
before, to  be repeated sound wave solutions. As before, it is more instructive to  look a t damping 
when the collision frequency is high and this is shown in figure 3.14. The features of the warm 
plasm a are carried over with the inclusion of damping. The plot shows th a t of the two additional 
sound wave solutions, one is almost an exact double root of the original sound wave and the other 
is a  more heavily dam ped wave.
3 .7  E qual M ass S y m m etry  in  G en era l D istr ib u tio n s
The three fluid models studied so far all show an ex tra  sym m etry inherent in an equal mass 
plasm a. M athem atically this takes the form of the disappearance of term s €12, €21 , €32 and €23
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in the dielectric tensor. This has enabled us to characterise waves into two general classes, those 
w ith an associated y electric field, IIj, and those with an associated electric field-in the x z  plane, 
n ^ .  It has also removed the im portan t phenomena of Faraday ro tation  from the plasma. However, 
real plasmas are not fluids and are more accurately modelled by considering kinetic theory. Can 
we expect our equal mass sym m etries to  carry over to kinetic description? In fact, we can make 
progress simply by studying the open form of the plasm a m om entum  equation (2.27).
j ^ ( n *v ‘ ) +  • ( M v v >*) = a n *’ i 2 -27)
As noted before, this equation is open. The term  (vv) relates it to the energy equation and thence to 
the rest of the  infinite heirarchy of fluid equations. As our sym m etry involves the dielectric tensor, 
derived from the m om entum  equation, it is sufficient to  work w ith this term  only -  but to make 
no assumptions regarding the term involving (vv). This ensures th a t the additional information 
concerning the plasm a distribution function can come in to  play.
To restate the  problem, the open m om entum  equations for an equal mass plasm a are
^ ( n ± v ± )  +  ^ ' ( n ± ( v v ) ± ) = a n ± .  (3.75)
If the  dispersion relation derived from these equations -  making no assum ptions regarding (vv) -  
has e i2 =  e21 =  £32 =  £23 =  0, then equal mass sym m etry will persist.
D e r iv a t io n  o f  S y m m e try  C o n d itio n s
Fourier analysing and then linearising equations (3.75) we derive
iw v±  — i a ^ n i  ± =  —  n 0(E  +  v± x Bo), (3.76)
m
where we have w ritten k  • (vv)±  =  a ± . We now calculate j  =  no(q+ v + +  g_v_)  and examine the 
appropriate term s in a. The set of linear equations for v j. were solved with the aid of com puter 
algebra (Reduce 3.3) and the results for the relevant com ponents for a  are shown below.
0-12 oc B 0k2K ( a ~ a t  +  a + a j )  +  B 0K(a~  +  a + ) +  kz ( a ~ a  + - a J a + )  +  (a +  -  a j )
(3.77)
(t2i <xB0kz K .(a~af  -  a j a j )  +  B qk (q ~ -  a + )
+  kx (a~ac+ +  QyOt+) +  kz (oc~aj  +  a r j a j )  +  («y +  aj")
(3.78)
<^ 23 ocB$ k z K3( a - c t +  - a J a + )  +  B$K3(a~  -  a + )  +  B$kxK2( a ~ a +  +  a ~ a j )
+  B o kz K2(oc~aj  +  a ~ a ~ ) + B%K2(a~ + oc+) + B 0kz K(a~a+  - a r + a j )  
+ B 0K(a~ - a + ) - f - k x (ot~a+ +  a ~ ) +  k2(o t~ a f  -f a + a j )  +  (a+  +<*“ )
(3.79)
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<732 OC B$K2(az -  a + )  +  B0kxK(ay <*+ +  <*2 <*+) +  kx(az a+  -  ax <*+) +  (az -  cxf)
(3.80)
We have w ritten  k =  \q\/imu>. To in terpret equations (3.77)-(3.80) we shall look for solutions
which do not invlove special cases of Bo or k , bu t instead rely on cancellation between the a
term s. Exam ining each of the equations in tu rn  we see th a t they are all equal to  zero on the same 
criterion :
a j  =  a t - - a y a + = a j .  (3.81)
Recalling th a t a  = k  • (vv) and requiring th a t our criterion should not involve k , this translates
in to  conditions on the values of the com ponents of (vv):
(«*»»)+ =  -  (VxVy)-, (3.82)
<^Vy)+ =  “  (vaVy)_, (3.83)
{vxvx ) + =(vx vx)_, (3.84)
(VXVz)+ ={vx vz ) - , (3.85)
{vzvz ) + =(vz vz )_ , (3.86)
with no restriction on the values of (vyvy) ± .
Now we m ust also bear in mind th a t our plasm a was initially in equilibrium. This means two things 
for us. F irstly th a t we have no zero order velocity components: (v)± =  0; and secondly th a t the 
d istribution function m ust be sym m etric about the magnetic field: f±  — /±(uj_, f ||) . The second of 
these conditions has a profound im pact on the m oment criteria  above. It means th a t (vx vy), (vz vy) 
and (vx vz ) m ust all be identically equal to zero. T hus the ‘equal m ass’ criteria is autom atically 
satisfied for (3.82), (3.83) and (3.85)and we need only concern ourselves with (3.84) and (3.86).
In te r p r e ta tio n  o f  C riter ia
To in terpret the requirem ents of our sym m etry criteria we m ust first understand the nature of the 
term  th a t they refer to in the m om entum  equation, | ; n ± ( v v ) ± .  On m ultiplying by m  we see th a t 
the term  in question is actually
T r»±P ± . (3.87)o r
where P  is the pressure tensor. Linearising and Fourier analysising this becomes
n ik  • P
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(3.88)
This term  contributes forces th a t arise from pressure inside the plasm a, and in examining the 
m athem atical constraints on this term  we look physically at the form th a t the pressure force m ust 
take for our equal mass sym m etry to be preserved.
O ur requirem ent can easily be related to our previous discussion concerning the  disappearance of 
currents induced by gyro m otion. Recall th a t the gyro m otion produced currents which cancelled 
when sum m ed over equal mass com ponents, so th a t no current flowed along y  when an E x field 
was applied and vice versa. Now, when the plasm a is perturbed, pressure forces come into play, 
and if the sym m etry of the  plasm a is to  be preserved these too m ust ensure th a t no current flows 
along y  when an E x field was applied (and vice versa).
A llo w ed  D is t r ib u t io n s
The requirem ents of (3.84) and (3.86) axe, as we sta ted  above, related to  the pressure forces inside 
the plasma. We require for the two com ponents of the plasm a to  have the same pressure force 
along x  and z. T his means th a t the plasm a components m ust have the same tem perature along 
the magnetic field and across it, but th a t these tem peratures may be different. In addition our 
sym m etry conditions s ta ted  th a t the plasm a m ust have no zero order velocity and be symmetric 
around the m agnetic field. In figure 3.15 we show an example of a  d istribution which will satisfy 
these criteria.
I t  is the case however, th a t even if some of these conditions are not m et, and th a t waves may 
s ta r t to  couple if the equal mass sym m etry is broken, Faraday ro tation  will no t reappear. This 
is a specific effect related to  the behaviour of the circularly polarized modes of a  norm al plasma 
arising from the charge/m ass asym m etry of electron-ion plasmas -  our plasm a will always retain 
its charge/m ass sym m etry even if it loses the wave decoupling effect and so it will never exhibit 
Faraday rotation.
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F ig u r e  3 .1 . C o o rd in a te  system .
o
( a )
F ig u r e  3 .2 . O rb its  o f particles in a  harm onic electric field E x : (a) negative equal m ass particles; (b) 
positive equal m ass particles; (c) positive heavy ions. T h e  arrow  ind icates th e  cu rren t j y produced 
a t phase 7r in the  o rb it. N ote the cancellation  of cu rren ts  in th e  equal m ass case.
o
(b)
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(c)
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F ig u r e  3 .3 . D ispersion rela tion  for a cold equal m ass p lasm a w ith waves p ropagating  along the 
m agnetic  field.
(!) (o =  kc
l < )—  !> 1--------
0 A:
F ig u r e  3 .4 . Schem atic d raw ing  of the  d ispersion rela tion  for an e lec tro n /io n  p lasm a:——^ —*, R C P  
w aves; , LCP waves.
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F ig u r e  3 .5 . D ispersion rela tion  for a cold equal m ass p lasm a w ith waves p ro p ag a tin g  perpend ic­
u lar to  th e  m agnetic f ie ld :--------- , n y ;----------- , II*.
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F ig u r e  3 .6 . D ispersion rela tion  for waves IIXZ in a cold equal m ass plasm a: 
t t / 6 ;-----------, t t / 3 ; ----------, t t / 2 .
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F ig u r e  3 .7 . Angle betw een d irection  of p ropagation  and electric field vector for n x2 waves a t
various angles to  th e  m agnetic  f ie ld :----------, 7t / 1 2 ; ----------, 7r / 6 ; —  — , 7r / 4 ; -----------, 7r / 3 ; —  -
57r / 6 .
B =  0
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F ig u r e  3 .8 . CM A  d iagram  for equal m ass p lasm as:---------  , I I ^ ; --------- I ly .
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F ig u r e  3 .9 . D ispersion rela tion  for wave p ropagation  parallel to  the  field in a w arm  equal mass 
p lasm a. T he sound speed is 0.07c.
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F ig u r e  3 .1 0 . D ispersion re la tion  for wave p ropagation  perpend icu lar to  th e  field in a w arm  equal 
m ass plasm a. T h e  sound speed is 0.07c.
38
2 0
011•
0-5
15100
A/A,,
F ig u r e  3 .1 1 . D ispersion rela tion  for I ly waves p ropaga ting  a t various angles to  the  m agnetic  field. 
T h e  sound  speed is 0 .07c:---------- , 0 =  0 ;-----------, 7r / 6 ; ---------- , 7t / 3 ; ---------- , tt/2 .
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F ig u r e  3 .1 2 . D ispersion re la tion  for IIX* waves p ropaga ting  a t various angles to  th e  m agnetic 
field. T he sound speed is 0 .07c:-----------, 6 =  0 ;---------- , 7t / 6 ; ----------- , 7 t/3 ;----------- , 7t/2.
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F ig u r e  3 .1 3 . D ispersion relat ion for I ly waves p ro p ag a tin g  a t 45° to  the  m agnetic field, incorpo­
ra tin g  the  effects o f collisions. T h e  sound speed is 0.007c:
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F ig u r e  3 .1 4 . D ispersion re la tion  for 11** waves p ro p ag a tin g  a t 45° to  the  m agnetic  field, incorpo­
ra tin g  the effects o f collisions. T h e  sound speed is 0.007c:
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F igu re 3 .15 . A 3-D view of a d is trib u tio n  function  sa tisfy ing the  conditions for equal m ass sym m e­
try . B oth species have the sam e d is trib u tio n  - a M axwellian modified to  have different tem era tu re s  
along th e  field and  across it.
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C hapter 4
Linear Waves In Electron-Positron Plasmas
4 .1  In tro d u ctio n
In chapter one it  was seen th a t plasmas of electrons and positrons are of particu lar interest to  the 
astrophysical community. I t is obvious th a t these will be equal mass plasmas and th a t consequently 
some of the results of chapter three will be embodied within these plasm as. However, o ther physics 
m ust be included as well - m ost obviously we would expect annihilation and creation processes to  be 
going on within the plasm a and, if the plasm a is to  be in equlibrium, th a t the plasm a tem peratures 
will m ost likely be relativistic.
The ex tra  physics th a t we shall include will obviously complicate our results. In this respect the 
results of chapter three will be useful -  although they themselves will not be directly applicable to 
e+e-  plasm as they will be an im portan t stepping stone in understanding the results we obtain. This 
is particularly  true  of the results including annihilation and creation effects, where the algebraic 
complexity of the equations is considerable. In particular, we m ight expect th a t the im portan t 
result of the disappearance of Faraday rotation and whistler waves will be preserved. Recall from 
our short review of electron-ion plasm as th a t this arose from the appearance of nonzero term s in 
the dielectric tensor (C12 & C21) and th a t the absence of these term s led to  an absence of the effect 
in equal mass plasm as. If these term s are also absent from the e+ e~ plasm a dispersion relation 
then Faraday ro tation  and whistler waves will not occur. In addition, should the plasm a exhibit 
the sym m etry dem onstrated throughout chapter three, i.e. a  dielectric tensor of the form
*11 0 *13
0 *22 0
*31 0 *33
then the splitting  of waves into two classes, n y and Ux z , will still occur (w ith the a ttendan t 
simplifications of the solutions -  both in algebra and ease of in terpretation).
If the plasm a tem perature  is high and the density is diffuse, then annihilation timescales will be 
far longer than the plasm a period and the gyro period -  the relevant periods for wave propagation; 
and this means th a t from the point of view of wave propagation we can ignore annihilation and 
creation (this will simplify the equations enormously).
Lightm an (1983) gives the annihilation time for electron-positron pair annihilation as
2c(TTno In T 
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(4.2)
W here T is the therm al Lorentz 7  factorf (which we will w rite as T to  avoid confusion with the 
ratio  of specific heats o f an ideal gas) and <?t  is the Thom pson cross section. This equation is valid 
when r »  1 .
This means th a t the  ra tio  of the plasm a frequency to  the annihilation frequency is
a>P _  2n0q2 /
^ ann y T hICo /
c<rT n 0 In T
"  ■ (43)
10“  r 3/ 2
— — «  —7=--;—— • (4.4)
w a n n  V**0 ^
T hus we m ust satisfy the approxim ate criterion no -C 1044 to  be able to  ignore annihilation.
How does this compare to the densities of electrons and positrons in therm al equilibrium ? It is quite 
straightforw ard to  use statistical mechanics to evaluate the equilibrium  densities and Chapm an 
(1936) derives the result th a t the pair density in therm al equilibrium  is
_ 3 2 x c ^ m | 3 j
n —  ^ X* exp( ),
= 7  x 1036T 3 exp(—7 7 1) (4.5)
W here T* =  k T / m ec2. This means th a t a t T* =  1 the pair density is 8 orders of m agnitude smaller 
than  the m axim um  density allowable for ignoring annihilation. Thus we are well justified in treating 
wave propagation w ithout considering annihilation. (Note though th a t strictly  speaking equation 
(4.2) is only correct if T ^  1, which is clearly not the case when T* =  1. However, it will not be 
too far from the correct value and given th a t we have 8  orders of m agnitude to  spare in density 
we can still be confident in our result.)
Equation (4.5) assumed a plasm a in therm al equilibrium  with its radiation  field. Such a  plasm a 
would em it like a blackbody and, as Lightm an (1982) points out, “There exist no objects of 
astronom ical size th a t have relativistic tem peratures and emit like blackbodies — the energy re­
quirem ents would be prodigious.” Lightm an goes on to  consider a  different class of equilibria, th a t 
of ‘effectively th in ’ plasmas (which we discussed in chapter one). This finite plasm a is optically 
thin to  radiation of pair producing energies -  it is not a  true  therm al equilibrium , the plasm a loses 
energy from escaping radiation, bu t it is a  more realistic model of the  electron-positron plasmas
f Defined as the ensemble average of T, i.e.
\ / l  — v ? /c 2/
/ ( r> v>0 dv
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found in nature. These equilibria are controlled (in part) by a seed num ber of electron-proton pairs, 
b u t it is found th a t it is possible to  have equilibria which are mass dom inated by electron-positron 
pairs -  thus justifying ignoring the protons in the plasma. And, if the seed density is low enough, 
then we should be able to  satisfy the criterion of equation (4.4).
Even if the models we study prove not to be physically reasonable then when we have more 
advanced models, containing all the physics required, our understanding of the results will be 
greatly helped by models which are simpler and easier to  in terpret. To this end we shall first study 
waves in an infinite homogeneous electron-positron plasm a including relativistic effects b u t ignoring 
annihilation. L ater we shall consider annihilation and creation, bu t we will re ta in  our simplistic 
infinite homogeneous plasma.
F igu res
In all the figures for chapter four frequency is normalised to  u p and wave num ber to  ko, where 
fco =  c/u>p .
4 .2  R e la tiv is t ic  E lec tro n -P o sitro n  P la sm a s
To deal fully with relativistic effects, special relativity  m ust be employed. However, to  do plasm a 
physics in a 4-vector form is very complicated (a glance a t the energy-m om entum  tensor reveals 
ju s t  how difficult fluids are to deal with, never m ind plasm a fluids). The main task  of relativity  is 
however, to  explain the invariance of physics in different reference frames. A t the present tim e we 
are not interested in doing this; to  be able to explain the waves propagating in the plasm a frame 
would be sufficient for our purposes. Therefore, we can stay  with a C artesian frame in 3-dimensions 
and simply use a modified m om entum  equation to  describe the plasm a. This is the m om entum  
equation used by T ajim a &; T aniu ti (1990) and it accounts for relativistic effects by including a T 
factor in the first term  of the m om entum  equation, f
d (rn ,m 0va)   dP, Jt +
D isp ers io n  R ela tio n
We now proceed to  subject equation (4.6) to  the analysis developed in chapter three, i.e. lineari­
sation and Fourier analysis. In linearising the equation we can neglect changes in T because the 
fluid velocity has no zero order component. This gives,
f To see why this is, imagine a box full of gas a t a relativistic tem perature, and of rest mass M .  
W hile the box is stationary  the fluid velocity is zero. If we try  to  move the box with a force F  we 
m ust im part m om entum  to  relativistic particles, so the effective mass of the box is M Y  and the 
acceleration will be F /M Y .
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(4.6)
iu n o m o Y \±  — ikPi± =  n±q±[E> +  v± x Bo]. (4.7)
Now, as the equation of s ta te  of the plasm a is the same as in the nonrelativistic warm  plasm a we 
can carry the result from the continuity equation across, i.e.
Til =
n 0k  • v
(3.49)
Now, again assuming adiabatic changes, P i =  'y k sT nx  we can write the m om entum  equation as
(4.8)
ia q±
iu>v± =  — k (k  • v ± ) +  - — E  -f v±  x f i± ,  
u  fm o
where we have chosen to define a relativistic sound speed and a synchrotron frequency:
a2 _  I ^ b T
=
q ± B 0
(4.9)
Tmo r m 0
The procedure for solving these sets of linear equations is exactly the same as th a t employed in 
chapter three. Again we use Reduce 3.3 to  find the solutions, which are of the form,
9
V± = A I ±V21V W31
ft±t>12 V1 3
v 22 v 23
f2±l>32 v 33
E, (4.10)
where
i>ii =  ia 2 k 2u  cos2 0 — iu>3  V1 2  = a 2 k 2  cos2 0 — u>2  V1 3  = — ia 2 k 2 u> cos 0 sin 0
v2i = — a 2 k 2  cos2 0 + u>2  V2 2  = ia 2 k 2 u> — iu>3  V23 =  a 2A;2 co s0 sin<? ► (4.11)
V3 1  = —ia2 k 2 u> cos 0 sin 0 V3 2  =  —a 2 k 2  cos 0 sin 0 V3 3  = ia 2 k 2w sin2 0 +  iwYl2  — u>3 ^
A =  r m 0(w2(w2 — f t2) +  a 2fc2(ft2 cos2 0 — w2)). (4.12)
O f course we notice im m ediately the factoring of the four term s in equation (4.10) by ft± , which 
means th a t when we sum  over our two species to  obtain the current in the  plasm a we have,
j  =  n Qq(\+  -  v _ )  =
where
/  a2k 2 cos2 0 — u)2 0 — a2k 2 cos 0 sin 0 \
^  0 a2k2 — u 2 0 I E , (4.13)
\  — a2k 2 cos 0 sin 0 0 a2k 2 sin2 0 +  f t2 — w 2 /
a ' =  e L ’ (414)
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and the plasm a frequency of our relativistic plasm a has been defined as
2  2n o Q 2 i  a
= i w  (415)
Obviously M axwell’s equations sure the same for our relativistic plasm a, so th a t the  current need 
only be combined with equation (3.9) to  yield the dispersion relation as,
/ \ —(w2—a2k 2 c o s 3 n 3 c o e 3 0 0  c o s  0 sin 0 (n 3+ a 3k3/A  ) \
I 0 l - ( u 2- a 2k 2) / * ' - n 2 0 I • E  =  0
\ co8 0 s in 0 (n 3- a 3Jb3/ A , ) 0  l - ( w 3- n 3a 3fc3 sin3 0 ) / A  - n 2 s in3 0 J
(4.16)
Most im portantly  we see the sym m etry associated w ith equal mass plasm as ( t i 2 =  e21 — f 23 =  
£32 =  0) is m aintained -  this means the disappearance of Faraday ro tation  and whistler waves and 
the splitting of waves into two classes associated with fields E y and E x +  E z . This result is in 
accordance with the observations of very low Faraday ro tation in extragalactic sources (Jones & 
O ’Dell 1977) where it is believed th a t electron-positron plasmas m ight exist (see chapter one).
D isp ersio n  R e la tio n  For W aves Ily
The solutions for waves w ith an electric field E y are found by setting  622 =  0 in equation (4.16). 
The dispersion relation for these waves is thus,
Ar4a 2c2(o>2 — f t2 cos2 0) +  k 2u 2(a2Q2 cos2 6 — a2u>2 +  a2a>2'+  c2f t2 — c2u/2) +  w4 (w2 — f t2 — a>p)
u>2(fc2a 2 (ft2 cos2 6 — u/2) +  u/2(a>2 — f t2))
=  0. (4.17)
This is not the m ost transparen t of equations, bu t it is possible to  take high and low frequency 
limits to  see w hat its solutions m ight be.
A t high frequencies we have an approxim ate dispersion relation,
k4a2c2 — k 2u 2(c2 4 - a2) +  iu4
 u A - l w ’ = °- <4-18>
The num erator is a  quadratic  equation in u 2 w ith solutions
u>2 =  fc2c2, J 2 -  k 2a2, (4.19)
i.e. an electrom agnetic wave and a  sound wave.
W hen 6 is far from 7t / 2  the dispersion relation takes the following form  at low frequencies,
u 4 (ft2 +  u>2) — k 2u;2(a 2f t2 cos2 6 +  a 2w2 4 - c2f t2) 4 - fc4a 2c2f t2 cos2 6 
uj2(k 2a2Q2 cos2 9 — w2f t2)
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=  0. (4.20)
Again there is a quadratic  num erator in u 2 so th a t the solutions are,
 ^ k 2(a2Q2 cos2 6 +  o.2u 2 +  c2f22) ±  y jk*(a2ft2 cos2 6 +  a2u% +  c2Q?)2 — 4k4a2c2£l2(Q2 +  u>2)
“ 2 =  2J u f U f i )  '
(4.21)
U nfortunately the discrim inant of this equation does not factor to  give a  perfect square, unless 
cos 0 =  1. So let us set 0 =  0 and continue. In this case the two solutions become,
2 .2  2 2 k 2c2Q2 ^
w = * “ ■ u  = W T s ,  (4 '22)
O f course, the first of these two solutions is a  sound wave and is spurious. A t 0 =  0 k  J_ v  so th a t no
pressure force is produced. The solution appears in this analysis as we neglected the denom inator,
which would have cancelled out the sound wave solution.
The second solution corresponds to Alfven waves in a  relativistic plasm a. To see this, notice th a t 
it has the same properties as the nonrelativistic Alfven wave in a cold plasm a (equation (3.29)) in 
th a t if the  plasm a is of low density or high field (such th a t Q wp) the  dispersion relation is,
( j2 fa k 2c2. (4.23)
And if the  plasm a is of high density or low field (such th a t Q u>p) we have,
2 k 2c2Q.2 k 2c2Bo€o
=  ( 0 4 )
where, as before, v \  =  B^/nopm  is the squared Alfven speed, pm being the plasm a mass density 
(now including a relativistic T).
If $ = k /2  another low frequency analysis can be done. In this case the dispersion relation is,
k  4a 2c2 +  k 2(a2 u>2 +  c2Q2) — a>2(Q? +  u>2)
—k 2a2w 2 — w 2Q2
so th a t,
=  0, (4.25)
uj2(Q2 + u 2) =  k Aa2c2 +  k 2(a2u 2 + c2 fi2). (4.26)
If we apply a high density/low  m agnetisation criterion then
u 2 f a k 2a2, (4.27)
i.e. a sound wave. Conversely if the high m agnetisation/low  density condition is applicable then
u k 2c2, (4.28)
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so th a t an electom agnetic wave exists. Notice th a t in both cases there is no Alfven wave.
In figure 4.1 a plot of equation (4.17) is shown for various angles. In this case u p =  2 and a > v a - 
A t high frequencies the electrom agnetic wave and the sound wave exist -  in accordance with our 
high frequency analysis. A t low frequencies the sound wave also exists in addition to  an Alfven 
wave, which drops in speed as 0 swings round from 0 and disappears at 7r/ 2  (as expected from the 
low frequency 7r/2 analysis).
In figure 4.2 equation (4.17) is p lotted, th is tim e for Q =  5u>p . Again, a t high frequencies the 
expected electrom agnetic and sound waves exist. A t low frequencies the Alfven wave exhibits the 
same behaviour as before, (notice a t 9 =  0 it is practically u/2 =  k 2c2 as predicted) dropping 
to  zero a t 9 = tt/2 . The ‘sound wave’ a t low frequencies is seen to  have a dispersion relation 
u>2 «  k 2c2, again in accordance with our low frequency 9 = ir/2  predictions, bu t a t other angles 
this relationship also seems to  hold. The fact th a t the sound wave has this curious low frequency 
dispersion relation reveals the true natu re  of this low frequency wave to be m agnetosonic. Thus, 
when a > va its low frequency dispersion is u>2 «  k 2a2, however in figure 4.2, where a < va its 
dispersion relation is n uj2 «  k 2c2 -  bu t when u p ^  then  va «  c, so th a t the dispersion relation 
is really ju s t u;2 ta k 2v \ .
D isp ersio n  R e la tio n  For W aves T\.xz
To find the dispersion relations for waves w ith fields E x +  E z we m ust re turn  to  equation (4.16) 
and set €11633 — €13631 =  0. This gives the unpleasant equation for IIX4 waves as
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(4.29)
k 6a4c2 (a;4 — 2 ft2u;2 cos2 9 +  ft4 +  cos4 0)
+  k4a2 (u>6(—2c2 — a2)
+  u j 4 ( c 2 u j 2 +  2 c2ft2 +  a 2 w 2  +  2 c2f t2 cos2 6  +  2 a 2f t2 cos2 9 )
-f a;2(—a 2ft4 cos4 0 — a 2f t2u>2 cos2 9 — 2c2f t4 cos2 9 — 2c2f t2u;2 cos2 9)
+  2 c 2 Q 4 u >2  c o s 4  9^j
+  k 2u 2( u 6{c2 +  2 a 2)
+  u>4 (—2a2 ft2 cos2 9 — 2 a2ft2 — 3a2u>2 — 2c2f t2 — c2w2)
+  w2(2a 2ft4 cos2 0 +  2 a 2ft2u>2 cos2 0 
+  c2f t2w2 cos2 9 +  2 a 2ft2u>2 -4- a2uj4 +  c2ft4 +  c2ft2u>2)
— (a 2ft4u>2 cos2 9 +  a 2 ft2u;4 cos2 9 + c2£l4w2 cos2 0)^j
+  a;4 u;6 -f u/4 (2 ft2 +  2uj2) — u/2(ft4 +  3 ft2u;2 +  op4) +  ft4^ 2 +  f t2u>4 j  J
k4a4uj2(—u>4 4 - 2ft2w2 cos2 0 — ft4 cos4 9)
4- 2k2a2uj4(uj4 — f t2w2( l  +  cos2 9) +  ft4 cos2 9) 4- a;6(—a;4 4- 2 ft2u>2 — f t4)^  =  0
It is obvious from (4.29) th a t even a lim iting frequency analysis would not make the solutions of 
this equation more transparen t. However, looking a t the  dielectric tensor (equation (4.16)), when 
the wave vector is parallel or perpendicular to  the m agnetic field (0 = 0 , ir/2) the  2 x 2  determ inant 
solutions factor into two l x l  determ inantsf, i.e. the waves have decoupled in to  one wave with a 
field E x and one w ith a field E z ra ther than  two waves bo th  with a combined field. The solutions 
to  the dispersion relation are now ju s t t n  =  0  and £33 = 0 , and it is possible to  make a  frequency 
limit analysis of these equations.
Taking propagation parallel to  the field first, the equation £n =  0 for waves IIr  is,
k4a2c2(u>2 — f t2) 4- k 2uj2(a2Q2 — a2uj2 + a 2u>2 4- c2f t2 — c2u 2) 4- u>4 ( u j 2  — ft2 — u 2) 
w2(A;2a 2(ft2 — u j 2 )  +  u j 2 ( u j 2  — f t2))
This is the same equation as for waves n y , (4.17), w ith 0 set to 0. So the results of analysing 
this equation at high frequencies will be the same, viz. a  sound wave and an electrom agnetic wave 
(equation (4.19)), although the sound wave is not a real solution (k  J_ v , again it appears as we 
ignored the num erator).
A t low frequencies we will get the same results as the low frequency analysis a t 9 = 0 for n y waves, 
equations (4.22), an Alfven wave and a  spurious sound wave.
f This happens because £13 and £31 are both factored by cos 9 sin 9.
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T urning to the solutions to  €33 =  0, a t 6 =  0 these are very simple,
k 2a2 — u>2 +  u 2
with the solution,
J 2 =  w2 4- k 2a2, (4.32)
a  relativistic Langm uir wave. There are no solutions for u> <  u>p.
For wave propagation perpendicular to  the magnetic field the  IIX dispersion relation is simple,
k 2a2 +  f22 — u>2 +  u 2
fc2a 2 +  Q 2 _ u 2 =  °> (4 3 3 )
with a solution corresponding to  an upper hybrid wave,
uj2 =  k 2a2 4- f t2 4-u>2. (4.34)
The solution for IIZ waves a t 9 = 7t / 2  is,
a2 } 4- Cl2u}2 4- k 2 ( a 2u)2 4- <?2 Q 2  ^ 4- k ^ n 2r 2
=  0. (4.35)
a;4 — w 2(u>2 4 - f i2 4- k 2a2 4 - k 2c ) + Q cj   . j   c f2 )  4a c
u>2 (w2 — f i2 — k 2a2)
A t high frequencies a  quadratic in u/2 results,
u>4 — u>2(k 2a2 4 - k 2c2) 4- k 2(a2u 2 4- c2f t2 4- k 2a2c2) =  0, (4.36)
with solutions,
k 2c2 4- k 2a2 ±  yJkAa4 4- k Ac4 — 2k4a2c2 — 4k2a2u>2 — 4 k2c2Q2
(4.37)
2
The discrim inant will be a perfect square if we assume (not unreasonably) th a t at high frequencies 
the wavelengths of the waves will be very short. This will m ean th a t k 2a2, k 2c2 a;2, Q2 and then
the solutions are ju st
u>2 = k 2c2, u 2 = k 2a2, {4-19)
an electrom agnetic wave and a  sound wave (just w hat we would expect).
A t low frequencies the dispersion relation is linear in w2:
„ k 2(a2uj2 4 - c2f i2) 4- f i24>2 
"  = — 1-----E ,   -■ (4.38)+  n 2 '  '
To proceed further we m ight wish to  assume th a t the plasm a has u/p >• Q. In this case the dispersion 
relation is
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J 1 =  IfeV +  f t2. (4.39)
B ut this predicts u j  >  ft, in contradiction to  our low frequency assum ption. Similarly, if  we were 
to  assume th a t f t  u j  then we have a dispersion relation
u j 2 = k 2a2 +uj%, (4.40)
where obviously u j  > u j p  , again in contradiction to  the low frequency assum ption. However, we might 
ten tatively  conclude th a t the failure of our analysis predicts th a t there will be no low frequency 
waves for 11* a t 6 =  7t / 2 . B ut we will have to  re tu rn  to  the full dispersion relation to  confirm this.
Figure 4.3 shows the dispersion relation (4.29) p lotted when ujp  =  2ft a t 9 =  0. All the  predicted 
waves are seen to  exist: Alfven, Langmuir, electrom agnetic. In figure 4.4 (4.29) is p lotted for 
ft =  5ujp , and again all the expected waves exist.
Figure 4.5 shows (4.29) p lo tted  when u>p =  2ft a t 6 — n /2 .  The predicted electrom agnetic and 
sound waves exist a t high frequencies, along with the electrostatic upper hybrid wave. However, 
below ft no wave exists, as we expected from our low frequency analysis. In figure 4.6 (4.29) is 
plo tted  when ft =  bu>p a t 0 =  7t / 2 . The electrom agnetic wave exists above u j p  (th is is a  Hz wave, 
plasm a motion along the field and so unaffected by it in both cases). T he upper hybrid wave is 
also present, as is the sound wave. Again there are no low frequency waves.
Figure 4.7 shows the dispersion relation for various angles when u jp  =  2ft. A t high frequencies 
there is a sound wave, an electromagnetic wave and an electrostatic wave (very sim ilar in form to 
the warm  equal mass plasm a of chapter three). A t low frequencies there is an Alfven wave which 
dies as 6 —► 7r/2 and coupling produces a magnetosonic wave a t low frequencies which resonates 
a t the same frequency as the Alfven wave. In 4.8 the plot is for ft =  5u j p . Essentially the same 
behaviour is observed as in the previous graph, bu t notice th a t between u>p and ft the mid angle 
magnetosonic waves lie close to  u j  =  kc , confirming their nature. (This is similar to the behaviour 
of the n y waves.)
4 .3  A n n ih ila tio n  A n d  C reation  In  E lec tro n -P o sitro n  P lasm a s
We noted at the s ta r t of the chapter th a t there were situations where it m ight be possible to  ignore 
annihilation and creation inside the plasma. However, a  mixed plasm a of partic le-an ti-partic le  pairs 
cannot avoid annihilation for ever, and so it would seem relevant to extend our analysis to include 
some m easure of annihilation and creation effects. Such processes are complex and highly nonlinear, 
with m any reactions needing to  be considered. However, for the purposes of wave propagation we 
should bear a few facts in mind which will enable us to  make a simplified analysis. Principally 
waves will propagate on a fast timescale and as such the long term  evolution and equilibrium  of
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the plasm a (see chapter one) need not concern us. Also, as the waves we have been considering are 
of infinitesimal am plitude, we can linearise all the relevant equations.
Annihilation and creation are expressed m athem atically in the continuity equation, so th a t we 
m ight write,
^  +  dn±_v ± = i / c (n+>w_ ) _ l/A(n+>n_ ) > (4 4 1 )
where u c  represents the creation of pairs and v a  the annihilation. Note th a t we have allowed for 
v c  a  to  be functions of the local densities of electrons and positrons. In practice they will also 
be functions of the local spectrum  of photons, bu t we shall assume th a t the pertu rbations in the 
plasm a will be so small th a t the effect on the local photon spectrum  can be ignored. There is no 
contradiction in assuming the perturbation  to  affect the electron and positron densities bu t to  be 
too small to  effect the photons if we also assume th a t the plasm a is optically th in  to  high energy
photons. If there is then any disturbance in the photon spectrum , it will be com m unicated a t the
speed of light across the whole wave and the perturbation  in the spectrum  will be a t least of second 
order -  and hence ignorable. As we noted a t the beginning of this chapter (and in chap ter one)
electron-positron plasmas m ight well be expected to  be th in  to  such radiation, so this assum ption
would be justified.
W hat exact form should we take for u c , a ^  T o the lowest order in the fine structu re  constant, the 
following processes exist which create pairs,
7  -j- 7  —► e+ +  e~ , (4.42)
7  +  e± - > e ± +  e+ + e ' ,  (4.43)
e± -I- e± —*■ e± +  e± + e+ + e ~ , (4.44)
i.e. pair creation by photon collisions with o ther photons, photon collisions with electrons or 
positrons, or electron and positron collisions with electrons or positrons.
Again to the lowest order in the  fine structure  constant, there is only one annihilation process 
which is relevant,
e+ +  e~ —*• 7  -f 7 , (4.45)
i.e. two body pair annihilation.
W hat form do these reactions take when linearised? The creation ra te  v c  is
Vc  =  VCyy  +  VC y e { n +  +  M_) +  V Ce e( n+  +  " - ) (» » +  +  **-)■
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(4.46)
1/^77 is ra e^ ° f  reaction (4.42) and uc^e is the rate of (4.43) (notice it is proportional to  the 
densities) and ucee is the ra te  of (4.44) (proportional to  densities squared). W hen linearised this 
becomes
vc +  uc^e(no+ +  no- +  rii+ +  ^1- )  +  vcee(no+no+ +  2no+no-
+  n 0_ n 0_ +  2 (n 0+ n i_  +  n 0+ n i+  +  n 0~ n i_  +  n 0_ n i+ )). (4-47)
For the processes of annihilation we w rite
v A - v A2 n + n _ , (4.48)
where vA2 is the rate of two body annihilation, and then linearise,
vA = vA2(nQ+n 0_ +  n 0+ n!_  +  n 0_ n i+ ). (4.49)
Now we assume th a t the rates of zero order creation and annihilation balance, so th a t the net rate 
of particle creation is
vcye{ni+  +  n i _) +  2 i/cce(n 0+ n i_  +  n 0+ n 1+ +  n 0_ n i_  +  n 0_ n i+)
-  vA2{nQ+ n i -  +  n 0_ n i+ ). (4.50)
But all the term s we have are linear in n i+  +  n i_ ,  so we can define v  such th a t
vc  — vA — —v{n\+  •+■ n i_ ) . (4.51)
In fact it is obvious th a t no m atter which annihilation and creation reactions are considered, once 
they are linearised they will be factored by n i+  +  n i_  and can be included in the  above definition 
of v. T hus we can consider a  generic continuity equation (albiet w ith a complex param eter v)  of 
the form
iw ni± — ino±k • v ± =  _ v ( n \+ +  « !_ ) . (4-52)
D isp ersio n  R e la tio n
Solving the linearised continuity equation (4.52) gives,
in 0±u;k ■ v± ±  i/(n0+k  • v + -  n 0_ k  • v _ )  / .c o n
^ i ± — /o i ■ \ ■ (4.53)w(2 j/ +  zu>)
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As we wish our results to be applicable to  astrophysical situations then it is appropriate to  adopt 
the  relativistic model of the plasm a m om entum  equation discussed in §4.2.
d ( r n am 0v ,)  dP s , ^
— - ------   =  g n ,[E  4  v , x B] — — . (4-6)
Linearised in the same way as the previous section, this gives
iamom0rv ±  -  ik P i±  =  n ± g ± [ E 4 v ±  x B 0]. (4 -V
We now have to substitu te  the more complex solution for n i±  into this equation. O f course, the real 
problem is the same as occurred in chapter three when we considered a collisional model (§3.6). 
Instead of two sets of three equations for the plasm a species velocities we now have one set of 
six equations as the solution of the continuity equation involves both  v+  and v _ . However, the 
m athem atical techniques have not changed and the ex tra  algebraic difficulties can be overcome 
again through the use of com puter algebra (Reduce 3.3).
The solutions to the velocity equations are long and complex (~30  A4 pages). They do not reveal
much information so thay are om itted. It is the case however, th a t the dependence of vx± on E y
is factored by Q, and similarly the dependence of vz± on E y , vy± on E x and vy± on E z are also 
factored by Q. This means th a t both the conductivity tensor and the dielectric tensor have the 
same form as was found throughout chapter three, and th a t Faraday ro tation  disappears and the 
waves will split into two classes of solution. The dielectric tensor is
(t i l  0 f 13 \0 e22 0 • E , (4.54)£31 0 £3 3 /
where the nonzero components are,
£11 =1 — [k4a4u>2 cos2 9(u>5 — 6ivw4 — lu3(12u2 4  Q,2 cos2 9)
-f ivuj2{%u2 4  6f}2 cos2 6) -f c o s 2 9 — 8iV3f t2 cos2 6)
4- k 2a2u>pu(—u 6( 1 +  cos2 6) 4  iVw5(6 4- 8 cos2 9) 4- u>4(12j/2 4- 2 fi2 cos2 9 
4  24i/2 cos2 6>) -  iu J 3 cos2 9( 14Q2 + Z2u2) -  i / V  cos2 0(36ft2 4- 16i/2)
4  40w 30,2u) cos2 9 +  1 6i/ 2Q2 cos2 9)
+  u>2u 3(lj6 -  8i v u 3 -  w4(fi2 4  24.U2) 4  ivuj3(8Q2 4  32i/3) 4  iy2u;2(24Q2 4  16^2)
-  32i v 3n 4u  -  16i/4fi2)] E -  n 2 cos2 9
(4.55)
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e22 =1 — [k4a4u)2(uj5 — 6ivui4 — u>3(f t2 cos2 0 +  12u2)
4- iVu;2(6ft2 cos2 9 4  8v 2) 4  12i/2f t2u> c o s 2 6 — 8iV3f t2 cos2 0)
4- k 2a2u)2u { —2a;6 4- 14ivuP +  u>4(ft2 4- f t2 cos2 0 +  36i/2) — iVw3(6ft2 4- 8Q2 cos2 0 4  40i/2)
— v 2w 2( \2 f t2 4- 24ft2 cos2 9 4- I6u2) 4- izA*>(8ft2 4- 32ft2 cos2 0) 4- 16j^4Q2 cos2 0)+  
u>2u>3( u 6 -  8 i v u b -  u>4(f t2 4  2Av2) 4  ivw3(8ft2 4  32i/2) 4  iv2u;2(24ft2 4  16i/2)
— 82it/3Q2uj — 16i/*ft2)] 4- S  — n 2
(4.56)
t 33 =1 — [Ar4a4w2(w5 sin2 0 — Qiuuj4 sin2 0 4  u>3(ft2 cos2 9 4  f t2 cos4 0 — 12z/2 sin2 0)
4  iVw2(8^2 sin2 9 4  6ft2 cos2 9 4  6ft2 cos4 0) 4  12i/2ft2u> cos2 0 s in2 9 — 8 *V3ft2 cos2 0 sin2 0 
4  fc2a 2u;2(u 7(cos2 9 — 2) 4  ii/a>6(14 — 8 cos2 0) 4  u;5(2ft2 4  36i/2 — 24j/2 c o s 2 0)
4  iVa;4(2ft2 cos2 0 — 14ft2 4  32i^2 cos2 0 4  u>3(12i/2f t2 cos2 0 — 36iv2f t2
— f t4 cos2 0 — 16^4 sin2 0) +  aVw2(40i/2f t2 4  6ft4 cos2 0 — 24u2Q2 cos2 0)
4  i/2f t2w(16z/2 sin2 0 4  12ft2 cos2 0) — 8iV3ft4 cos2 0)] E — n 2 sin2 0
(4.57)
f i 3 =  e3 i =  cos 0sin 0([fc4a 4w2(— u>5 4  Qivu4
4  u>3(12u2 4  f t2 cos2 0) — ivu>2(8v2 4  6 ft2 cos2 0) — 12u2Q2u  cos2 0 
4  8iu3Q2 cos2 0) 4  k 2a2uj2u(u>6 — 8ii/w5 — u;4(ft2 4  24i^2) 4  ivw3(8ft2 4  82u2)
4  i/2w2(24ft2 4  16 u 2) — Z2iv3Q2u> — 16i/4f t2)]-r-S 4  n 2)
(4.58)
W here the factor S  is equal to
S  —k4a4 j — Qiuu6 — w5(12j/2 4  2 ft2 cos2 0 ) 4  ii/w4 (12 f t2 cos2 0 4  8v2) 
4  w2 cos2 0(24i/2f t2 -|- f t2 cos2 0) — ii/ft2u>2 cos2 0(16j^2 4  6 f t2 cos2 0)
— 12i/ 2Q 4uj c o s 4 0 4  8zV3 ft4 cos4 0 — u/8 4  l ivu P  4  u>6(f t2 4  f t2 cos2 0  4  I 81/2)4  2  k 2a,2u>
— zVu;5(7ft2 4  7 ft2 cos2 0 4  20i/2) — u>4 (ft4 cos2 0 4  18i^2f t2 +  18u2Q2 cos2 0 4  8u4)
4  zVu;3 (7ft4 cos2 0 4  20i/2ft2 4  20&'2ft2 cos2 0) 4  y2f t2u;2(18ft2 cos2 0 4  81/2 cos2 0 +  8 ^ 2 
+  u;3 — 8 ivuP  — w6(2ft2 4- 24i/2) +  iVo»5(16ft2 +  32u2) +  w4 (ft4 4 - 48i^2f t2 4  I 61/4)
— zVft2u/3(8 f t2 4- 64 1/ 2) — z/2f t2u;2(24ft2 4- 32z/2) +  32zV3ft4w 4- 16z^4ft4
(4.59)
This dispersion relation is the m ost complex studied so fax; clearly it is impossible to  a ttem pt to 
gain algebraic insight in to  the behaviour of the equations as they stand. Even a  lim iting frequency 
analysis is not a great deal of use -  either all the inform ation about dam ping is lost and we are 
left with results similar to  those in §6 .2  or a  slightly simplified, bu t still in tractable equation, is 
derived and still no algebraic insight is possible. Clearly we should now proceed graphically and
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a ttem p t to  in terpret the plots of the dispersion relations.
S o lu tio n s  F o r  W av es IIy
In figure 4.9 the dispersion relation is plo tted  corresponding to  the solution € 2 2  =  0. In this case 
ujp = 2ft =  2u and 9 =  t t /4 |.  is p lo tted  on the left of the y-axis, to  the right. T he real
p art of the solutions accord with the waves which we found when we studied relativistic effects 
w ithout annihilation: the electrom agnetic wave, sound wave, m agnetosonic wave and Alfven wave 
are all present. However, there is one additional solution -  a t low frequencies there is a  wave which 
has a dispersion curve close to  the sound wave and resonates a t the  sam e frequency as the Alfven 
wave. Above the synchrotron frequency the new solution appears again, becoming ra ther like the 
sound wave in character at high frequencies. An im portan t point to  make is th a t this wave is (in 
both cases) essentially undamped. The Alfven wave and sound wave are heavily dam ped. This is 
because they involve the density perturbations which cause annihilation and creation -  and this 
absorbs energy from the wave. The new solutions cannot involve significant density perturbations 
as their damping is of the order of 10“ 17 (i.e. 5$(k)/?R.(k) =  O (10“ 17). This is to  be compared with 
the Alfven wave or the sound wave: =  O (10- 1 ) and w ith the electrom agnetic wave:
3(Jk)/9£(ik) =  O(10” 3)). This wave would appear to  be som ething of a problem  to  understand. It 
would seem at first th a t it m ust involve no density pertu rbations -  otherwise it would be dam ped. 
B ut the fact th a t a t high frequencies it has a sound wave dispersion seems to  indicate th a t it 
m ust have density perturbations associated w ith its propagation. However, it is possible to  have a 
density perturbation w ithout dam ping if we look a t the form of the continuity equation (4.52). It is 
linear in n + -f n _ , so th a t if the perturbations in n + and n_  are out o f phase then no annihilation 
will occur -  hence the wave will remain undam ped. One th ing which remains to be investigated is 
whether this wave is physical or not.
The dam ping is shown on a larger scale in figure 4.10, the dam ping of each wave being identified. 
In figure 4.11 the dispersion relation for n y waves is p lotted for u p =  v  — f t/4 , again a t 9 — ir/A. 
All of the waves found in §6.2 exist again, and have the same behaviour in 3£(fc). The new solution 
is also present, with the same cut off, resonance and high frequency behaviour as before, and the 
dam ping is still negligible.
S o lu tio n s  F o r W aves Uxz
The solutions for the second class of waves, corresponding to  fields E x + E z and found from 
^11^33 —  ^13^31 =  0 , is shown in figure 4.12. Here u>p =  2ft =  2u and 9 = ir/A. Once again the
f This is almost certainly an unrealistically high dam ping rate. It is chosen, not for realism, bu t to 
give a general understanding of the behaviour of the equations under study. It is much easier to 
in terpret the graphs if the dam ping is high.
56
solutions found when dam ping was not considered correspond to  the  5ft(fc) dispersion relations 
for the sound wave, the magnetosonic wave, the Alfven wave, the electrom agnetic wave and the 
electrostatic wave. However, the dispersion relation is 5 th order in k 2 and two new solutions arise. 
A t low frequencies one of the new solutions is a  second root to  the sound wave. The other has 
a  dispersion curve above th a t of both the sound wave and the Alfven wave. This wave is almost 
undam ped (Q‘(fc)/3ff(fc) =  O (10-15)) as is the  Alfven wave ( ^ > ( A : ) =  O (10-14)). The sound 
wave is strongly dam ped (3 l(^)/3f(Ar) =  0 (1 )) , revealing th a t it is associated w ith a  strong in 
phase density perturbation . A t high frequencies the new solutions reveal themselves as a  continued 
double root to the sound wave and another solution which closely follows the sound wave dispersion 
curve. The electromagnetic and electrostatic waves are lightly dam ped as is the new solution 
close to  the sound wave (all have (S(fc)/3£(fc) =  O(10-14)). The sound wave is heavily dam ped 
(3(fc)/»(Jb) =  0 ( H ) - 1)).
In figure 4.13 the dispersion relation is p lotted for u>p = v  =  0 /4 ,  6 — 7t/4. Again similar waves 
exist to  those found in the previous figure. The double root m agnetosonic wave still exists a t low 
frequencies, and is heavily dam ped throughout (9(fc)/3£(fc) =  0 (1 )) . T he Alfven wave and the 
other new solution also exist here and they are very lightly dam ped (5>(Ar)/3f?(Ar) =  O(10-14)). At 
high frequencies the electrom agnetic wave is lightly dam ped (S(fc)/9£(Jb) =  O (10~14)), as is the 
electrostatic wave (9 ;(^)/9?(A:) =  O(10-11)). Also lightly dam ped is the new partner wave to  the 
sound wave (0:(Ar)/SR(A:) =  O (10-11)), bu t the double root sound wave itself is heavily dam ped 
(9(Jfc)/3*(lfc) =  0 ( H ) - 1)).
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F ig u r e  4 .1 . D ispersion rela tion  of IIy waves in an e+ e p lasm a, T =  10 and  uip =  2D:
 , 0 = 0]---------- ,....tr /6 ; ............, t t / 3 ;------- — , t t / 2 .
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F ig u r e  4 .2 . D ispersion rela tion  of IIy waves in an e+ e p lasm a, T =  3 and 5ujp =  D:
 , 6 =  0 ;  , 7r / 6 ; ............., 7 r /3 ; .........  , 7 t /2 .
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F ig u r e  4 .3 . D ispersion rela tion  of I lr * waves parallel to  the  m agnetic  field in an  e + e plasm a, 
T =  10 and  ujp = 2Q.
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F ig u r e  4 .4 . D ispersion rela tion  of n XiJ waves parallel to  the  m agnetic  field in an e + e p lasm a, 
T =  3 and  5ujp — Q.
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F ig u r e  4 .5 . D ispersion relation  of IIX* waves perpend icu la r to  th e  m agnetic  field in an e + e 
p lasm a, I' =  10 and  u p =  2f2.
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F ig u r e  4 .6 . D ispersion relation  of 11** waves perpend icu la r to  th e  m agnetic field in an e +e 
p lasm a, T =  3 and bu p =  Q.
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F ig u re  4 .7 . D ispersion rela tion  of Ilx* waves a t various angles in an e+ e p lasm a, =  10 and
ujp = 2Q : , 0 =  0 ;----------- , 7t / 6 ;----------- , t t / 3 ;----------- v-n/2 .
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F ig u re  4 .8 . D ispersion relation  of n xi waves a t various angles in an e + e p lasm a, =  3 and
5u>p =  Q: , 0 = 0; , 7t/6 ; ----------- , 7t/3 ;—.......... , tt/2 .
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F ig u r e  4 .9 . D ispersion relation  of n y waves a t 0 =  45° to  the  field in an e+ e p lasm a w ith 
an n ih ila tio n , T =  10 and ujp = 2v  =  2Q.
F ig u r e  4 .1 0 . D ispersion rela tion  of n y waves a t 6 — 45° to  the  field in an e + e p lasm a w ith 
an n ih ila tio n , T =  10 and  u p = 2v  =  2fi. T h e  scale on the  left of the  k axis has been expanded .
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N e w  S o l u t i o :
F ig u r e  4 .1 1 . D ispersion rela tion  of II y waves a t 9 =  45° to  the  field in an e + e p lasm a w ith 
an n ih ila tio n , T =  3 and  5ljp = bis =  Q.
E l e c t r o m a g n e t i c ,
S o u n d
F ig u r e  4 .1 2 . D ispersion relation of IIT. waves a t 6 = 45° to  th e  field in an e + e p lasm a w ith 
ann ih ila tion , T =  10 and u p = 2v  =  2Cl.
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N e w  S o l u t i o n
E l e c t r o s t a t i c
F ig u r e  4 .1 3 . D ispersion re la tion  of waves a t 6 =  45° to  the  field in an e+e p lasm a w ith 
ann ih ila tion , T =  3 and  2u>p = 2u = Q.
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While natu ra l science up to the end of the last century was predom inantly collecting science, a 
science of finished things, in our century it is essentially a classifying science, a science of pro­
cesses, of the origin and development of these things and of the interconnection which binds all 
these processes into one great whole.
Fredrich Engels, Thesis on Feuerbach
C hapter 5
Nonlinear Waves In Equal Mass Plasmas
5.1 N on lin ear  P h y sics
Over the past 15 years there has been a paradigm  change in our understanding of the natural 
world. In all scientific disciplines -  chemistry, biology, m athem atics and physics -  new ideas about 
nonlinear system s have come to the fore and are playing a key role in understanding nature. These 
ideas (loosely grouped under the flag of ‘chaos’, but more accurately term ed nonlinear dynamics) 
are concerned w ith understanding the behaviour of nonlinear system s -  the type of systems of 
which the real world is prim arily composed.
The simplest of nonlinear systems are now known to exhibit fantastically  complex behaviour and, 
most im portantly, given the initial conditions of the system, we will not be able to  predict its 
motion for all time, so sensitive is it to these conditions. However, the  fact th a t simple systems 
with low degrees of freedom (e.g. the ‘standard  m ap’, xn+i =  4Axn( l  — xn ); (Feignbaum  1980, 
May 1976) or the Henon A ttractor; (Henon 1976)) exhibit complex behaviours means th a t perhaps 
systems with complex observed behaviours are actually controlled by essentially simple systems 
of equations (or a t least their qualitative behaviour can be modeled by a much simplified system, 
e.g. Lorenz’s (Lorenz 1963) famous ‘bu tterfly ’ a ttrac to r which reproduces the complex behaviour 
of weather systems after a seemingly absurd truncation of the Navier-Stokes equations).
In plasm a physics one of the most im portan t lessons we should learn is th a t often the linear and 
nonlinear behaviours of a  system are very different. The forced simple pendulum  is a case in 
point (Baker &; Gollub 1990). As we are almost invariably dealing w ith equations which are highly 
nonlinear, we should expect nonlinear effects to  be of great im portance, and indeed, they have had 
a substantial im pact upon the field (Infeld & Rowlands 1990, Sagdeev et al 1988). In view of this 
we shall now go on to  s ta rt the study of nonlinear effects in equal mass plasm as, and we shall s ta r t 
with the most basic plasm a phenom ena -  electrostatic oscillations.
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5.2  E lec tro sta tic  P lasm a  W aves in E lectro n -Io n  P lasm a s
One of the sim plest cases of nonlinear plasm a theory is th a t of the problem  of one dimensional
electrostatic waves inside an electron-ion plasm a. For such waves inside a plasm a with infinitely
massive ions, the electron m otion is described by the following equations,
d n e d (n eve) _ n
n r  ~ f a T  ~  ’ (5 1 )
d ve d ve - e  .
1 7  +  We-5 -  =  — E,  (5.2)ot o x  m e
j r -  =  — (no ~  n e). (5.3)ox  e0
The linear solution to these equations is trivial and was first found by Langmuir &: Tonks (1929) 
who derived the result th a t
W0 = V ^ T ’ (5’4)
i.e. The plasm a frequency oscillation — the m ost fundam ental and im portan t param eter in plasma 
physics.
As plasm a frequency oscillations are so im portan t it was not surprising th a t they were one of the 
first plasm a wave problems to  be tackled nonlinearly. The first approach, by Sturrock (1957), was 
to  expand the equations in term s of a small param eter e. Adopting the linear solution as his zero 
order solution he analysed the transfer of energy between different modes of the oscillations. In 
particular he found th a t in the 1-D case, when averaged over tim e, no dispersion occurred.
The exact solution to  the 1-D electron plasm a problem  followed not far behind S turrock’s ap­
proxim ate solution. Konyukov (1960) was able to  solve equations (5.1)-(5.3) by transform ing to
Lagrangian coordinates, and a similar analysis was performed by Davidson &; Schram  (1968) in
the following way.f
F irstly  we supplem ent equations (5.1)-(5.3) w ith the x  com ponent of the  V x B  Maxwell equation,
d E  1 • sx777 =  (5-5)Ox €0
A lthough this equation is not necessary -  equations (5.1)-(5.3) describe the plasm a completely -  
it is a  useful addition when we apply the following change of variables:
t  =  t ,  (5.6)
t T he equations for nonlinear electron plasm a oscillations can also be solved by using stream  functions 
(K alm an 1960).
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X = x -  ve(x ,T ')d r ' .  
Jo
(5.7)
From  these relations it is easy to see th a t the space and tim e derivatives transform  in the following 
way:
d_
&X 'T r  = [1 + L  i V‘ { x y ) d T '
r ^ ’tfcr)[1 + I  ^ A x , r ' ) d r ' 1 j Ld x '
(5.8)
(5.9)
Now, the  great advantage of Lagrangian variables is th a t they follow each individual fluid element. 
T his m eans th a t the convective derivative is simply
d_ d_ _ d _
d t ^  6 dx d r
T hus, in term s of the new variables the m om entum  equation ju s t becomes
o r  m e
w ith the continuity equation transform ing to
Tr{n‘(X'T)[l+L  X’ r ' H }  =  <>•
The value of introducing the V  x B  equation is now seen as we can w rite
d 8  1 
dt  ^  Ve dx
E  =
en0 ve 
fo
i.e.
d E  _  enove( x , r )  
d r  ~  e0
(5.10)
(5.11)
(5.12)
(5.13)
(5.14)
From  equations (5.11) and (5.14) it is evident th a t the equation for v e has the form  of a  simple 
harm onic oscillator,
d 2ve( x , r )  2
d r 2 +  T) =  0. (5.15)
Now x  has appeared as a  param eter in a  linear equation for ve(x ,  t ). T his m eans th a t the general 
solution to  equations (5.11) to  (5.14) are
V e ( x ,  r )  =  V ( x ) c o s u eT +  u eX(x) s in u)eT, 
E ( x , t )  =  (weV (x )s in w er  — u ^ X ( x )  coswer )  , 
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(5.16)
(5.17)
and
M X ' T )  [l + d : ^ s i „ J + 4 ^ ( 1 -c c s *  .r)]' (5'18)
V ( x )  and X ( x )  can be found from  the initial velocity and electric field profiles:
V(x)  =  ve(x,0), X (x) =  — C— E(x,  0). (5.19)m eu>z
Also X (x )  is related to the initial density (n e(x ,0 ))  through Poisson’s equation a t r  =  0:
9X( x)  _  ne(x,0)  
d x
T he transform ation  equations can be expressed in term s of V  and X ,
a -  -  1- (5.20)
 n o
V (x )
r  = t , x =  xH sin wer  +  A (x ) ( l  -  cosu>cr) . (5 21)
u>e
However, to  m ake the transform ation from  Lagrangian back to  Eulerian via. equation (5.21) re­
quires the specification of the initial conditions V (x) and A"(x). T his usually means having to  solve 
a  transcendental equation, however, it is obvious from the Lagrangian solutions to  the problem 
th a t  coherent oscillations a t frequency u e are m aintained over the region of the initial perturbation . 
Davidson (1972) gives an exam ple of the inversion to  Eulerian variables, bu t we shall not do so.
5 .3  E le c tr o s ta t ic  P la sm a  W aves in  E q u al M ass P la sm a s : N u m er ica l S im u la tio n
As plasm a frequency oscillations are of such a fundam ental na tu re  it is of in terest to  see what the 
behaviour of these waves is inside an equal mass plasm a. Having established th a t the  equations 
can be solved exactly for an electron plasm a the first th ing to  do is to  see if the same m ethods can 
be applied to  an equal mass plasm a.
T he equations for equal mass plasm a oscillations are alm ost exactly the  sam e as for the electron 
plasm a, b u t include the dynamics of bo th  plasm a com ponents:
< * «
7 7  =  ~  « - ) •  (5-24)
OX  €o
It is the  inclusion of the  dynam ics of the second plasm a com ponent th a t invalidates the  approach 
adopted  for the electron plasm a. A Lagrangian transform ation can be m ade, bu t as we have two 
fluid com ponents we need two changes of variable and hence separate variables describe the evolu­
tion of the  positive and negative species. However, when we calculate the field we need to  know the
densities of bo th  species at one point in space. Hence we m ust relate both  of our sets of Lagrangian 
variables to each other. This can only be done by transform ing back to  Eulerian coordinates and 
thus the benefits accrued from transform ation are lost.
If we try  to  adopt the alternative approach of Kalm an (using stream  functions) a  similar problem 
arises. Two stream  functions are needed and a reverse transform ation needs to  be done to  calculate 
the electric field.
Having failed to  get an exact solution we m ust try  another approach. The most obvious m ethod is 
to  numerically in tegrate equations (5.22)-(5.24).
N u m erica l In teg ra tio n
The num erical integration of the 1-D electrostatic equal mass equations is s tra igh t forward enough. 
For simple first order Euler integration our equations would become,
E ( x  +  1 ,0  =  E ( X,t )  +  f t t f r f l T -nS*J)2+M* + 1.0 - "-(* + 1 ,0 ) ^  (5 25)
v ± (x , t  +  1) =  v± (or,t)+
tt± (s + ! , < ) -  v ± (x  -  1,<)± E ( x , t )  -  v ± {x , t )  2 A x A t ,  (5.26)
n (r  +  ! , < ) - t>±(x -  1,*) ,
2 A x  +n ± ( M  +  1) =  n ± (x ,t)  -
n ± (x  +  1,<) — n ± (x  -  l , t )
v{x ,t)- A t ,  (5.27)2 A x
where (x + 1 , t) refers to  the variable evaluated a t position x + A x  etc. and we have set all constants 
(q ,m ,e o) equal to  1.
W riting the equations in th is order makes the m ost sense in term s of num erical integration and 
physical intuition. Differences in density cause an electric field. This field causes forces to act which 
change the velocity of the plasm a fluids. T he velocity of the plasm a causes the density to  change. 
The num erical integration consists of two distinct steps; firstly the spatia l in tegration of n±  to 
determ ine the field, then  the tem poral in tegration of n and v.
A lthough a first order Euler integration m ethod is very simple it can be unstable (Tajim a 1971) 
so we would like to  improve on this technique. I t would seem a t first glance th a t these equations 
would be suitably in tegrated by the leap frog m ethod -  evaluating E  and n a t tim e t , then finding 
v ar t +V2 , then E  and n  a t tim e t +  1 etc. However, the evolution of v involves no t only n (through 
E )  bu t also v itself. The equation for n is sim ilarly a function of n. This m eans th a t we are better 
using the predictor-corrector m ethod.
The principal problem  of the Euler m ethod is th a t while we wish to  in tegrate our equation by 
stepping from t to  t  4- 1, it only evaluates the variables on the RHS of the  finite differenced 
equations a t time t.  Figure 5.1 illustrates the  problem. The predictor-corrector m ethod overcomes
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this difficulty by using the first order Euler scheme to  make a  prediction of n(x ,  /+ 1 )  and v (x , t  + 1) 
(called npreci ( x , t  + 1) and vpre<i ( x , t  + 1)). Then we evaluate the tim e centred values of the variables 
by averaging, i.e. n ( x , t  +  V2) =  ( n (x , t )  +  nPred(x,t +  l) ) /2 . Finally we use these time centred 
variables to evaluate the final corrected values of n ( x , t  + 1) and v (x , t  4- 1), i.e.
. . 1/ + M + V2) -  v±(x -  1, / +V2) ,
«(*.< +  h ) -----------------------j A j -----------------------+n ± ( x , t  +  1) =  n ± { x , t ) -
n ± (x  +  M  +  V2) -  n ± (x -  1 ,t  + 1/2)v { x , t + lf2)-
2A z A ( ' <5 2 8 >
and similarly for v±. This makes this m ethod of integration more accurate and stable than  the 
first order Euler.
Because our equations are spatial in ex ten t, it is difficult to calculate the amplification m atrix 
(w ith five variables across a spatial mesh of size A t the amplification m atrix  would be 5A t x 5A t). 
However, there is one simple check which can be used to  see if our num erical integration is stable. 
T he equations we are using do not conserve energy explicitly -  only implicitly. If we calculate 
the energy of the plasm a during the numerical sim ulations it should be constant, and if it is we 
can have confidence in our results. There is another check th a t we can employ. A nalytic results 
are available for the electron-ion plasm a oscillation. O ur num erical experim ent m ust be able to 
duplicate these analytic results.
N u m e r ic a l  I n te g r a t io n  o f  E le c tro n - io n  P la s m a
Equations (5.1)-(5.3) were in tegrated  using the predictor-corrector m ethod described above with 
periodic boundary conditions. In figure 5.2 the results of the sim ulation are shown. As can be 
seen, the initial sinusoidal wave form is highly distorted when it evolves towards t —xf 2 Tp , with 
electrostatic forces bunching the electrons and forming a  peak density of 5.5. The exact solution 
(given by Davidson 1972) also predicts a peak density of 5.5. In addition it can be seen th a t the 
wave is harm onic w ith a  period u>e =  1 so th a t the results of the exact solution have been duplicated 
by our numerical sim ulation.
Finally in figure 5.3 we plot the to ta l plasm a energy as a  function of tim e though the simulation 
run. As can be seen it is very steady, fluctuating only by 0.0125%. In figure 5.4 we plot the energy 
as found from a sim ulation which uses the first order Euler m ethod to  in tegrate the equations. 
T he im provem ent in energy conservation is impressive -  the Euler in tegration leads to a secular 
increase of 1.8% in the plasm a energy, clearly an undesirable feature.
N u m e r ic a l  I n te g r a t io n  o f  E q u a l  M a ss  P la s m a
Utilising the predictor corrector m ethod again, figure 5.5 shows the evolution of the negative density 
com ponent of an electrostatic wave in an equal mass plasm a when a  pertu rbation  0.1 is applied. It 
is seen im m ediately th a t the character of the evolution is qualitatively different from the evolution
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of the electron plasma. Instead of steady oscillations, the plasm a oscillates to higher and higher 
peaks -  and eventually these peaks become so high th a t they are finer than  the mesh spacing of 
the program  and the sim ulation breaks down. If we look at the evolution of the positive density 
com ponent of our plasm a (figure 5.6) then what is happening becomes clear.
W hen the electrons in the electron-ion plasm a are bunched together by electrostatic forces there 
exists a heavy neutralising background which pulls down the electron fluid and restores the original 
sinusoidal shape. In the equal mass plasm a a similar sort of evolution exists -  each component 
suffers electrostatic bunching and forms a density peak (as the pertu rbation  of the plasm a is small, 
the peak is much smaller than  th a t of the electrons in figure 5.2, where the perturbation  was 0.45. 
If this large a pertu rbation  is applied to the equal mass plasm a it goes unstable in under half a 
plasm a period.) However, in this case there is no heavy background. Instead, the o ther species 
is also light, so th a t although the ‘spiking’ species is pulled down by electrostatic a ttraction , the 
‘neutralising’ species is pulled up. And the sim ulation shows th a t it is pulled up in to  an even higher 
spike, because the electric field, being an integral over density, is concentrated in the centre of the 
denisty perturbation . This higher spike is now ‘neutralised’ by the original spiking component and 
in doing so is pulled up, in the same way as before, into an even higher spike. This process continues 
ad infinitum  until the mesh lim it of the sim ulation is reached. A graph of the electric field evolution 
is shown in figure 5.7. This clearly shows the evolution of the field from a sm ooth sinusoid to a 
sharp -  almost step -  function in the density peaks.
These results are so different from the electron plasm a th a t some concern m ust be held regarding 
them; however, if we graph the energy of the plasm a (figure 5.8) it is clear th a t the sim ulation is 
stable -  the energy rises slightly towards the end of the  sim ulation when the density spikes are 
very high, bu t even then the energy grow th is only 0.002%. Although the plasm a is being forced 
into higher and higher spikes, the density differences (which lead to  electric fields) stay roughly 
constant, and so there is no increase in energy. This fact -  together w ith the excellent duplication 
of the electron-ion plasm a results -  m ust lead us to  have confidence in the sim ulation results.
It is obvious from figures 5.5 and 5.6 th a t the density distribution of the positive and negative 
plasm a com ponents are sym m etrical. This can be proved from the evolution equations (5.22) to 
(5.24). In the sim ulations x  varied over the range [0,27r) so  consider the following two coordinate 
changes:
X  =  x  — 7r, X 1 = n  — x.  (5.29)
Thus X  = —X ' .  Now consider a  solution of the type
p+( X )  = p - ( X ' ) ,  « .+ (*) =  - « _ ( * ') ,  (5.30)
i.e. a  sym m etry solution with positive and negative densities being reflections in x  =  ir.
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The density equation then becomes
dp+( X )  , 6 (n+( X ) v +( X ) )  _  „
XV ~  U'at 1 ax
. d p - ( X ' ) 5(n_ (* > - ( * ') )
dt ax
^ d p - ( X ' ) 8 ( n . ( X ' ) v . ( X ' ) )
And the m om entum  equation becomes
^ p  +  v+( X ) ^ ^ l  =  E(X),  
dv.(x') .
~ — + v - ( x  ) ~ W '  ~  E ( x ) '
^ m _ v_{x/)d^ p = - Eix%
d v - ( x ') +  V_ (X ' ) ^ = ^ D  =  E ( X ' ) .  (5.32)
<9* " v '  d X f
These transform s show th a t if the solution (5.30) holds a t one point in tim e then it will hold for 
all tim e. Thus, if our initial conditions satisfy (5.30) then  we only need exam ine one com ponent of 
the plasm a to  find the evolution of the whole plasm a. Simply reflecting the density in x  =  n  will 
give the density d istribution of the o ther plasm a com ponent.
A lthough a density perturbation  of 10% is much sm aller th an  th e  45% applied to the electron 
plasm a, it is very much in the  nonlinear regime. We wish to  know w hether enhancem ent of the 
density spikes occurs when the plasm a pertu rbation  is very much smaller. To this end figure 5.9 
shows the evolution of electron density when the initial pertu rbation  is 1%.
As can be seen the same process is occurring. T he initial pertu rbation  of 1% has grown to  5.4% after 
6 p lasm a periods. The energy of the sim ulated plasm a is again alm ost constant (figure 5.10shows 
it constan t to  0.0002
F ou rier A n a ly sis
The nonlinear evolution of the equal mass plasm a can be seen in term s of the plasm a acquiring 
finer and finer spatial detail. If we were to  Fourier analyse the plasm a density in space, then as 
we s ta r t  w ith a sinusoidal pertu rbation  a t t =  0, only one Fourier com ponent would be non-zero. 
However, as the plasm a evolves, higher and higher Fourier modes are being excited.
The Fourier analysis can be done on the original equations (5.22)-(5.24). Before we do this it is 
convenient to  introduce a pertu rba tion  density />±, i.e.
p± = n ± -  n 0. 
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(5.33)
(In the numerical sim ulations no =  1.)
We now take a Fourier analysis in space only. As all the quantities we are dealing with are real, 
then for any quantity  the Fourier term s will be Herm itian (i.e. 4'* =  c.c.\k- *, Bracewell 1986). 
O ur equations now become
(5.34)
(5.35)
(5.36)
[$*,<?*] =  (5.37)
fci
In th is form the troublesom e nonlinear term s are now the convolution term s. W ithout them  the 
problem  is (obviously) linear, w ith a general solution
Eo = A e iWpt -1- A ^e ~ iWpt, (5.38)
pQ± = ± l  +  A te -* '" '1)  +  C, (5.39)
vo± = ~  Ate-'"'*) , (5.40)
where the k superscript has been dropped for ease of notation, bu t it should be remem bered in the 
following th a t we are talking of Fourier am plitudes, not of physical quantities.
It is easy to  num erically in tegrate equations (5.34)-(5.36) directly, again using a predictor-corrector 
technique. W hen th is is done for an initial perturbation  of 0.1 then the results (figure 5.11) are 
seen to  be the same as those derived from Eulerian variables (figure 5.5), fu rther increasing our 
confidence in the  results of the sim ulations. If we now plot the am plitude of the first few Fourier 
com ponents (figure 5.12) then  the excitation of higher and higher Fourier m odes is clear.
5 .4  E le c tr o sta tic  P la sm a  W aves in  E qual M ass P la sm a s : Q u asilin ear  A n a ly sis
We have seen th a t it is not possible to  solve the equations for electrostatic waves exactly. However, 
having Fourier analysed the equations it is possible to make a quasilinear analysis of the  plasma 
evolution.
T he basis of this analysis will be to  assume th a t the am plitude of the plasm a oscillation is small (or 
a t least is small when we apply this analysis). Looking then  a t our Fourier equations (5.34)-(5.36) 
we see th a t all term s are of first order in am plitude except for the convolution term s -  these are 
second order. If we can assume th a t the am plitudes are small, then to  first order, we can ignore the
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-1- ifcwj. =  -tfc[p±, v±],
= - i k [ v i , v k± ], 
i k E k — p \  — pk_.
We have introduced the notation [$ fc, to  stand  for the following convolution
convolution term s. This leads to  the linear solution (5.38)-(5.40). Then to second order we have 
the following equations:
+  i k v i± =  - i k [ p 0±, v0±], (5.41)
^  -F E i =  — *[^ *vo±> uo±]> (5.42)
i k E i  =  pi+ -  p i_ . (5.43)
W e are aiming to derive the next order of solutions (pi±  etc.) by considering only the convolutions
of linear solutions. As we know these solutions, we are able to  evaluate the convolution term s 
explicitly to  give
df>l± + i k v 1± = ^  (~ [k A ,A ]e 2iw^  -  [kA*,A] + [kA,A*]  +  [ k A ^ A ^ ] e ~ 2iu^  , (5.44)
dt 4
^  =F Ex = ^  ([kA, Ale2™'* -  [kA^A] -  [<k A ,A t] +  [kA^A^]e~2iu^  , (5.45)
i k E i  =  p i+ -  p i_ . ( 5.43)
Notice th a t the term s inside the linear convolution have split into two types: those which are
harm onic in tim e and those which are constant. Let us trea t the harm onic and secular terms
separately (pl+ = ph+ + ps+).
+ ik v h± =  ^  ( - [ M , .4 ] e 2i“ ' '  +  , (5.46)
.2dvh± „  *u>.
di , Eh =  {[kA, A)e2i^  +  M ,  A t]e“ Ww'* ) , (5.47)
ikEh = Ph+ — Ph- • (5.48)
D ifferentiate (5.46) w .r.t t and then substitu te  for dvh±/dt  from  (5.47),
±  i k E h =  ([kA, A]e2,u> t +  [ifcAt, A^]e~2iw^  . (5.49)
Now substitu te  for Eh from (5.48) to  get equations for ph±:
+  ( m  - /> » - )  =  ^  ([* A  M , A *] e - 2i" '* )  , (5.50)
Q g f -  -  (ph + - PH-) =  ( [ k A . A y ^  +  [ M t . ^ t ] * - 2* "^ )  . (5.51)
We now introduce new variables V/» and <f>h, where
ip h = P h + + p h ~ ,  <f>h =  Ph+ -  Ph- • (5.52)
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From  (5.50) and (5.51) we find equations governing xfrh and <j>h'.
^  ( [kA ,A }e*“'< + [ t i l U V * " ' * )  , (5.53)
(5.54)
The equation for <f>h is ju s t a  harm onic oscillator and recalling th a t here u>p = \p i  we see th a t the 
solution is ju s t
(5.55)
The equation for also has a straightforw ard solution,
(5.56)
B h , Ch and Dh are all arb itrary  constants. We can see th a t iph and <j>h both  contain harmonic 
com ponents. In addition, there is the possibility of secular growth in V’h through the term  Cht. 
However, as this involves an arb itary  constant controlling the growth ra te  it cannot be a satisfactory 
explanation for the behaviour of the equal mass plasma.
These solutions can be substitu ted  back in to  (5.48) to  find Eh and then (5.47) for Vh± (Ph+ and 
Ph- are trivially found from (5.52)):
Notice th a t Eh is purely harm onic and, as we have no flow velocities in the plasma, D'h m ust also 
be zero so th a t Vh± is also purely harmonic.
Now' we return to  (5.46)-(5.48), bu t this tim e we consider the secular terms:
(5.59)
(5.60)
i k E ,  = p t+ -  pa- . (5.61)
Now we differentiate (5.59) and substitu te  in (5.60):
±  i k E ,  =  ^  ( [M . i l t ]  +  [ t i l t  _ ^
Now su bstitu te  for E ,  to give
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(5.62)
+  (/>.+ - p . . )  =  ^  ( [ tv M * ]  +  M ,  A]) , (5.63)
^  -  (p ,+  -  p . . ) =  ^  ([*A, A t] +  [*A t, A ]) . (5.64)
Again it is useful to  change variables, this tim e to  ips and <f>3  defined in the same way as before:
= /> * + + /> •- 4* = p3+ -  P*-- (5.65)
T h is gives the following equation for <f>3
d2<ba
- 5 T = - % .  («•««)
w ith  solution
<j>3 =  B aeiw,t + B ^ e ~ iWpt. (5.67)
T he equation for ip3 is
^  ([*A, A t] +  [kA t, A]) , (5.68)
and as the RHS of this equation is constant, the solutions are
^ 2
0 ,  =  {[kA, A t] +  [JkAt, A]) f2 +  <7,* 4- D a. (5.69)
T he equation for <f>3 is once again purely harm onic and means th a t the solutions for E s and va± 
are
E , = { B aeiUpt -  B U ~ iu>pt)  , (5.70)
• 2
v ,± =  ( f l .e ” - ' -  f l j e - " ’ ' )  -  S t  ( [ tA . A t] +  [*A t, A]) t  +  D't . (5.71)
Now a key difference between these solutions and the ones found for the harm onic quasilinear term s 
is th a t this tim e we have predicted a secular growth in the second order variables. rp3 has a term  
in t 2  and va± has a term  in t  (E a is still purely harm onic). The fact th a t E a rem ains harm onic 
accords w ith an intuitive view of the num erical results -  E  sharpens around the density peaks bu t 
does not itself grow in am plitude.
Com bining the  harm onic and secular parts of the solution gives us the final values of the second 
order quantities. These are
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£ 2
0 =  0* +  0« =  ([&A, A^] +  [fcA ,^ A]) <2-
|  ([ibA,A]e2iw' , +  [ibAt| A t]e -2i^ , ) + C «  +  D l (5.72)
0 =  0 h +  0 , =  (5.73)
- 2
v 1± =  ([*A, A t] +  [itAt, A]) t T  ^  {B e iWpt -  B U ~ iUpt)  +
^  ([*A, A]e2iWpt +  [ibAt, A t]e -2iw'* ) +  D ' , (5.74)
E i = ( B heiUpt +  . (5.75)
We have altered the constants of in tegration  suitably and retain  the change of density variables.
C om p a riso n  o f  Q u asilin ear  T h eo ry  an d  N u m erica l E x p er im en t
We have derived the second order behaviour of the plasm a and predicted th a t 0  and vi± have 
secular growth term s. This seems to be intuitively reasonable, given the behaviour of the plasma. 
However we wish now to  com pare the quan tita tive  predictions of the  theory w ith the actual values 
found in the experim ent.
As our analysis relied upon the am plitude being small, it makes sense to  first com pare our results to 
the case when p =  0.01. Having applied an initial sinusoidal pertu rbation  our initial am plitudes are
A =  0±0.005* in Fourier com ponents ± 1 . T hus the second order com ponents which are stim ulated
are ± 2 , and 0  should be real and vi imaginary. We shall look a t k =  2 in particular.
Figure 5.13 shows the  theoretical and numerical values of 9ft(0) on the same graph. T he fit is 
excellent in the early p a rt of the sim ulation and is fairly close even tow ards the end. The secular 
increase a t t 2 is found as well as the  harm onic com ponent a t frequency 2wp . After 7 plasm a periods 
the actual grow th is slightly larger th a t the predicted value, b u t this is w hat we should expect 
as o ther Fourier com ponents are stim ulated  and these s ta r t to couple to  affect the growth of the 
k =  2 m ode.
Figure 5.14 shows 9'(w1_) -  theoretical and num erical. Again the fit is good -  especially early in the 
sim ulation. The linear growth is found and so is the harm onic frequency of 2u>p . T he experim ental 
grow th is, however, slightly faster than  the quasilinear theory suggests; again this is due to  the 
stim ulation  of higher modes.
We now move to  the case where the plasm a is disturbed by an initial pertu rbation  of 0.1. We should 
be som ew hat suspicious of the assum ptions th a t were m ade in the derivation of the quasilinear 
results here -  a  pertu rbation  of 10% is not really small and certainly not infinitesemal. However 
exam ining figure 5.15 (where the  theoretical and num erical values of 3£(0) are p lo tted ) we see th a t
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even in this case the fit is reasonable. The divergence from theory and experim ent is naturally  faster 
as it is easier for the plasm a to stim ulate higher frequency modes with a  large initial perturbation .
Figure 5.16 plots the values of ^ ( u i - )  for the 0.1 perturbation . The linear fit is again good close 
to  t =  0, bu t diverges as t increases, and the harm onic com ponent is in this case larger than 
quasilinear theory would suggest.
5 .5  C on clu sion s
Overall, the quasilinear theory has been a success — as far as it goes. We have been able to predict 
correctly the form  of the secular growth (t 2 for xfr and t for v i) and find a good quantitative fit 
w ith the num erical experim ents when the am plitude is low (0.01) and a reasonable fit when the 
am plitude is higher (0.1). The main problem, though, is th a t although we can model the behaviour 
of th e  com ponents stim ulated by the initial linear solutions, the fact th a t the growth of these 
com ponents is secular means th a t they soon become as large as the original perturbation . Then 
higher and higher components are stim ulated  (see figure 5.12) and these couple back to  affect the 
grow th of the quasilinear com ponents. U nfortunately no better analytic solution has been found' 
and in this region we are forced to  rely upon numerical sim ulation.
The subsequent evolution of the plasm a -  with the density spikes growing to higher and higher 
values -  will not occur in a real plasma. The reason for this is th a t there is no pressure term  in the 
cold plasm a m odel which we used in our sim ulations. Even if the assum ption of zero pressure was 
valid a t the beginning of the plasm a evolution, eventually the plasm a density gradient becomes so 
high th a t to  continue to ignore pressure is wrong. We shall discuss the extension of the work to 
warm  plasm as in chapter six.
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t t + 1 t -f- A t
F i g u r e  5 .1 .  T h e  mean value theorem  says there  is a t such th a t
Q(t +  A t )  = <t>{t) +  A t  .
at
T h e  Euler m e thod  uses i  =  0. T h e  predic tor-corrector m ethod  uses i  =  A t / 2 .  If 4> is sm ooth  over 
A t  this a very good guess and improves the perform ance of the  in tegration.
71 =  0
t = T e
x  =  2tt
x  =  0
F i g u r e  5 .2 .  E lectron density  in a  p la sm a with infinitely heavy ions. T h e  initial p e r tu rb a t io n  is a 
sinusoid  with am piltude  6n = 0.45 and the  peak density is 5.5.
79
w (0  -  w(0)
W (0)
x lcr
1 . 4
1
0 . 8
0 . 6
0 . 4
0 . 2
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F i g u r e  5 .3 .  T h e  to ta l  p lasm a energy dur ing  the  s im ulation  shown in figure 5.2.
M O - M O )  w 1o2
W (0 )
x 10J
1 . 6
1 . 2
1
0 . 8
0 . 6
0 . 4
0 . 2
0 t
f l
F i g u r e  5 .4 .  T h e  to ta l  p la sm a energy dur ing  a  similar s im ula t ion  to  figure 5.2 b u t  using the  Euler 
m e th o d  of in teg ra t io n .  Energy is no t  well conserved w ith  th is  in teg ra tion  technique .
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In n
t —  In n
X  =  27T
x  =  0
F i g u r e  5 .5 .  N egative  com ponen t  dens ity  in a  cold equal m ass p la sm a  d u r ing  e lec tros ta t ic  oscilla­
tions. In itia l  conditions were sinusoidal density  p e r tu rb a t io n s  of ±0 .1  to  each com ponen t.
0.0
- 0.2
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F i g u r e  5 .6 .  Positive com ponen t density  in the equal mass p lasm a for the same s im ulation  as figure
82
F i g u r e  5 .7 .  Electric field s t ren g th  in a cold equal mass p lasm a during  e lectros tatic  oscillations. 
Initial conditions as figure 5.5.
M O  -  M O )  
M O )
x i o ( 5
4
3
2
1
0
Tn
F i g u r e  5 .8 .  To ta l  p lasm a energy during the  s imulation shown in figures 5.5-5.7.
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t =  0 - 3 p
x =  0
F i g u r e  5 .9 .  Negative com ponent density  in a  cold equal mass p lasm a during  e lectros tat ic  oscilla­
tions. Initia l conditions were sinusoidal density p e r tu rb a t io n s  of ±0.01 to  each com ponent.
m o - m o )  ,  «
W(0)
2 . 5
1 . 5
0 . 5
TP
F i g u r e  5 .1 0 .
0 1 2 3 4 5
Tota l  p lasm a energy during  the s im ulation shown in figure 5.9
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x  =  0
F igure 5 .11 . Negative com ponen t density in a cold equal mass p la sm a during  electrostat ic  os­
cillations found from in tegration  of spa tia ly  Fourier analysed equations. Initia l conditions were 
sinusoidal density  p e r tu rb a t io n s  of ±0.1 to each com ponent.  These  results are the sam e as found 
in figure 5.5.
4
3 . 5
X 10
=  2
3
=  4 —2 . 5
=  5
2
=  6
1 . 5
1
=  9
0 . 5
=  10 —
o
F igu re 5 .12 . F irs t  10 Fourier com ponent am plitudes ( A k A  k ) of negative density  after density 
p e r tu rb a t io n  of ±0 .1  to each com ponent.
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F i g u r e  5 .1 3 .  V’2 (V* f ° r k =  2, n o t  ip squared) when p lasm a is p e r tu rb ed  by k =  ± 1  density 
p e r tu rb a t io n s  of ± 0 .0 1 : ---------- , Quasilinear th e o ry ;---------- , numerical experim ent.
l
0 . 8
0 . 6
0 . 4
0 . 2
00 51 2 3 4 6
F i g u r e  5 .1 4 .  t>_ (i>_ for k = 2, n o t  squared) when plasm a is p e r tu rb ed  by k =  ± 1  density  
p e r tu rb a t io n s  of ±0 .01 :----------- , Quasilinear theory;---------- , numerical exper im ent .
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0 . 5
0 . 4
0 . 3
0 . 2
0 . 1
0
F i g u r e  5 .1 5 .  xp2 (xp for k =  2, n o t  xp squared) when p lasm a is p e r tu rb e d  by k = ± 1  density 
p e r tu rb a t io n s  of ± 0 .1 : -----------, Quasilinear theory ;----------- , numerical experim ent.
2 . 5
2
1 . 5
1
0 . 5
0
F i g u r e  5 .1 6 .  v 2_ (v _ for k — 2, n o t  v _ squared) when p lasm a is p e r tu rb ed  by k — ±1  density 
p e r tu rb a t io n s  of ±0 .1 :----------- , Quasilinear theory ;-------- , num erical exper im ent .
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One th ing I have learned in a long life: th a t all our science, measured against reality, is primitive 
and childlike -  yet it is the m ost precious th ing we have.
A lbert Einstein
History itself is an actual p a rt of natu ra l history, of n a tu re ’s development into m an. N atural sci­
ence will in tim e include the science of m an as the science of man will include na tu ra l science: 
there  will be one science.
Karl M arx
C hap ter 6
Future Work
6 .1  N o rm a l W ave M o d es in  In h o m o g en eo u s an d  H ot P la sm a s
T he aim  of this thesis has been to  investigate wave propagation in equal mass plasmas. In chapter 
th ree we discussed the norm al wave modes th a t exist inside an infinite, homogeneous equal mass 
plasm a. We found th a t the sym m etry of the plasm a simplifies the problem  immensely and we 
derived analytic expressions for linear waves in cold and warm plasmas. We also discussed which 
plasm as w ith a nonisotropic d istribution function would exhibit the same sym m erties as the fluid 
m odels studied.
As was m entioned in chapter one, we are a t the beginning of the study  of equal mass plasmas. 
I t  was therefore necessary to  examine the  plasm a under the simplifying assum ptions of chapter 
th ree before proceeding further: however, m any of those assum ptions can be -  indeed should be -  
relaxed. Real plasmas are not infinite, nor are they homogeneous. One of the m ost difficult areas 
of research in plasm a physics is to  determ ine self-consistently the wave modes of a  plasm a which 
is no t homogeneous (Diver Laing 1990; Diver, Laing & Sellar 1990). It would be interesting to 
see w hat effect the sym m etry of the equal mass plasm a has upon this problem . In addition, if the 
s tu d y  of molecular equal m ass plasm a devices is to continue, then  a  study of the  edge effects of 
such plasm as should be made.
T he studies which we undertook also concentrated upon fluid models of the plasm a. This is clearly 
a  lim itation, as m any interesting plasm a effects only happen when the velocity space structure  of 
a  plasm a is accounted for by using kinetic theory (e.g. Landau dam ping). As the general theory of 
kinetic wave propagation is very difficult, the  sym m etry of the equal mass plasm a can be expected 
to  provide some help in m aking analytic progress.
In chapter four we studied linear waves in electron-positron plasmas, under much the same stric­
tures as chapter three. Faraday rotation was seen to be absent in the models we studied, which 
incorporated relativistic effects and simplistic annihilation and creation. One thing which remained 
to  be done was to  investigate the physicality of one of the waves found when annihilation and cre­
ation  were incorporated into the model.
All the extensions m entioned above apply both  to  the study of equal mass plasmas and to electron- 
positron (and other particle-anti-particle) plasmas. The study of the kinetic theory of waves would 
seem to be particularly  appropriate to  these plasmas, which are of course a t relativistic tem per­
atu res and which are unlikely to  have d istribution functions which are in therm al equilibrium. In 
th is case we m ight wish to build upon the work of Gould (1980), who studied a  kinetic theory 
o f relativistic plasm as to  derive relaxation tim es bu t who did not really consider plasm a phenom­
ena. We m ight also hope to s ta rt to  use some of the electron-positron plasm a equilibria found by 
m any authors (see §1.3) as a  starting  point for really starting  to  tackle plasm a physics problems 
in astrophyical objects.
An additional, and very im portan t piece of physics, to  be included in the proper study  of the 
electron-positron plasm a is th a t of the interaction of the plasm a with radiation. In chapter four 
we ignored radiation, and this is clearly incorrect. In a relativistic plasm a there are photons with 
as much energy and m om entum  as the electrons and positrons, so they m ust be very im portant. 
T ajim a k  T aniu ti (1990) cope with this by coupling the equation of s ta te  of the fluid to  the 
rad iation  field -  perhaps in their early universe scenario when everything is in equilibrium this is 
valid, bu t further exam ination is needed of the ‘th in ’ equilibria present in astrophysical situations, 
and proper account m ust be taken of the actual radiation  spectrum  inside the plasma.
O f course, wave propagation is not the be all and end all of plasm a physics and there are many 
in teresting  phenom ena which should be investigated for equal mass plasm as. T ransport theory is 
ju s t one area where the sym m etry of the equal mass plasm a is im portan t (Abdul-Russak k  Laing 
1992) and the derivation of transport coefficients is essential if full studies of inhomogeneous, 
confined equal mass plasmas is to be undertaken.
6 .2  N o n lin ea r  W aves
For the author, it is in the area o f nonlinear dynamics th a t the m ost interesting work is being done 
in physics today, and it is here th a t he expects the unique properties of the equal mass plasma 
to show themselves m ost vividly. In chapter five we sta rted  the study  of nonlinear waves in equal 
m ass plasm as by looking at nonlinear electrostatic waves. We found a fundam ental instability in 
the case of the cold plasma, w ith a simple sinusoidal perturbation  developing in to  a highly peaked 
distribution. This result was strikingly different from the electron-ion plasm a and dem onstrated
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th a t there are rich possibilities for the study of nonlinear waves in such plasmas. There is a  simple 
question to be asked of the work in chapter five: w hat happens to  electrostatic plasm a oscillations 
when pressure is included in the dynamics? If our results are to have any relevance to  electron-
positron  plasm as then it is vital to  answer this question, and the au thor is presently studying the
effects of pressure upon these plasm a waves. The problem  becomes much harder in this case, as 
the waves now travel (they are nonlinear Langmuir waves) bu t a simple argum ent can be made to 
show th a t they could be im portan t, even in a  hot plasma.
T he energy contained in an electrostatic wave is
W E =  y | t 0£ 2dx, (6.1)
and the increase in therm al energy in a pressure wave is
W t =  J  k s i n T  — n 0 T0)dx  =  J  — l ) n 0 kBT 0 dx. (6.2)
We have assumed adiabatic compression when calculating the therm al energy in the second ex­
pression. Now let us consider a  perturbation  which has a spatial ex ten t A / and involves an aver­
age density difference between the plasm a com ponents of tiqS. The electric field is approxim ately 
qnoSAl/eo  so th a t the electrostatic and therm al energies are roughly
A l3 6 2 q2n l  , x
W e  r .  (®-3 )
W T «  ( £  -  l )  n„kB T 0 AI.  (6.4)
After a  tim e the plasm a will try  to  equipartition its energy between the two forms, so th a t equating 
W e  w ith W t we find
\ n 0  J  2e0KB-M) -m)
In the  last step we substitu ted  q — e. Notice th a t this ratio  scales w ith the plasm a param eters 
as no/To -  so th a t a  cold dense plasm a is more likely to  exhibit density enhancem ent than  a hot 
diffuse one.
T he big unknown in the equations (6.5) is the scale length of the  pertu rbation  A /. A reasonable 
guess m ight be the vacuum wavelength of light at the plasm a frequency -  certainly acoustic waves 
are unlikely to  have a shorter wavelength than  this. T his would give A / as
=  < « >
so th a t
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\ = 4 j W m
\ r c 0 J  Ic b T q
If we pu t in num bers appropriate to  an electron-positron plasm a then this becomes
( 5 - ) = ^
We have taken m  = m e (relativistic mass increase would help the density perturbation , so we 
are being conservative here). This means th a t for density perturbations of 0.1 we would expect 
the density enhancem ent to be im portan t for ToO(109) -  ju s t  the tem perature of a relativistic 
electron-positron plasm a.
T here are a num ber of comments to  be m ade. Our criterion has no density dependence: however, 
more energy is required to  pertu rb  a high density plasm a than  a low density one so perhaps 6 
m ight depend upon no. We ignored relativistic mass increase and probably underestim ated the 
scale of the pertu rbation , and both  these factors might allow a  higher tem perature threshold for 
the dem onstration of enhancem ents of density. However, we have made no allowance for the fact 
th a t these waves will travel, which m ight sm ooth out the density perturbation , leading to  a lowering 
of the tem peratu re  threshold.
W hatever, it would seem th a t further work should be undertaken towards understanding these 
waves and seeing where they m ight be relevant in astophysics.
T he above is of course ju s t one small corner of the field of nonlinear waves and there are many 
o ther possibilities for study. Recall th a t it was when studying nonlinear waves in electron-positron 
plasm as th a t T ajim a &; T aniu ti (1990) discovered new wave modes not present in electron-ion 
plasm as. There may be o ther nonlinear wave modes which are also present in equal mass plasmas 
which are not found in electron-ion plasmas. This of course also applies to  nonlinear modes from 
kinetic theory -  BGK modes for example. I t is easy to  construct these modes bu t w hat im pact an 
equal mass plasm a m ight have upon their stab ility  is an im portan t question.
Finally, there is the extrem ely difficult project of unifying the approaches of those studying the 
equilibria of electron-positron plasm as and the study  of the plasm a physics of these plasmas. 
We should rem em ber th a t the collective effects exhibited by a  plasm a have a profound im pact 
upon its global structu res and equilibrium. Therefore, to  try  to  constuct equilibria for a  plasm a 
yet to  ignore the fact th a t it  is a  plasm a is to  miss out the essential physics of the situation. 
(T he control of instabilities in tokam aks can be seen as a  case in point here.) However, despite the 
enorm ous difficulties of this approach, the continuing developm ent of com puter power and advances 
in nonlinear plasm a physics should let us a ttem p t this project in the not too d istan t future.
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I ’m  closin’ the book 
On the pages of the tex t 
And I don’t really care 
W hat happens next 
I ’m  ju s t going 
I ’m  going 
I ’m  gone
Bob Dylan, Going, Going, Gone
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